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Abstract:

In present work, the modified Schrédinger equation (MSE) is analytically solved for the Heavy-Light Mesons
(HLM) under modified quark-antiquark potential containing modified Cornell, Gaussian, and inverse square terms
MCGISTs, in the symmetries of 3-dimensional noncommutative real space phase (NC: 3D-RSP), using the
generalized Bopp’s shift method. The energy a spectrum of HLM has been investigated in the framework of
extended nonrelativistic quark model ENRQM. Furthermore, the new energy eigenvalues and the corresponding
Hamiltonian operator are calculated in (NC: 3D-RSP) symmetries. The masses of the scalar, vector, pseudoscalar,
and pseudovector for (B, B,, D and D,) mesons have been calculated in (NC: 3D-RSP), and we have shown

that the spin-orbital coupling <Hso_h|m> generated automatically. Moreover, using the perturbation approach,
we found that the perturbative solutions of discrete spectrum can be expressed by the parabolic cylinder
functions function, Gamma function, the discreet atomic quantum numbers (j, s, m) of the Qé state and (the
spin-independent and spin-dependent) parameters (@,b,C,&), in addition to noncommutativity parameters
(®and 5). As a special case this model has been applied to study the S- and P-wave states of B, B;, D and
D, mesons in NCQM symmetries The total complete degeneracy of new energy levels of HLM was changed to

become equals the new value 3n? instead n? in ordinary quantum mechanics. Our obtained results are in good
agreement with the already existing literatures in NCQM.

Keywords: Schrédinger equation, Heavy-Light Mesons, the quark-antiquark potential containing Cornell,
Gaussian and inverse square terms, Bopp's shift method, noncommutative space phase, and the Weyl Moyal star
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Introduction

A few decades ago, the study of mesonic systems has been very interesting both theoretically and experimentally
and so to understand the hadrons containing a heavy quark. There are several potential models like the Martin,
Cornell, Richardson and logarithmic potentials for quark-antiquark bound states, and in particular, the Cornell
potential is believed to be the most realistic phenomenological potential model to understand the mesonic
systems [1-5]. The researchers M. Moazami et al were studied the Heavy-Light Mesons (HLM) under the

combination of vector and scalar potentials and obtained the mass spectra and energy spectra of HLM (B, B,
D and D mesons) under a new potential containing Cornell, Gaussian and inverse square terms (CGISTs) [6].

The main objective is to develop the research article and expanding it to the hug symmetry known by
noncommutative quantum mechanics (NCQM) in order to achieve a more accurate physical vision so that this
study becomes valid in the field of nanotechnology. Among different types of potential model used in various
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fields of physics, in general, and in quantum chromodynamics theory in particular, here we are going to introduce
a new type of potential for the mesonic system, i.e. the combination of modified both Cornell, Gaussian and
inverse square terms potentials (MCGISTs), this has the following form:

2

Vunlr)= 2+ 2 o exp(—az %jm V)V (1)1 [ 2o 2

Ordinary—-QM NCQM

(M

The above model is used to study the S- and P-wave states of B, B, D and D, mesons in NCQM symmetries.

Thus, the analysis of the consequences of MCGISTs in heavy quarkonia is our main goal in this article. On the
other hand, to explore the possibility of creating new applications and more profound interpretations in the sub-
atomics and nano scales using new version the modified quark-antiquark potential containing MCGISTs. It is
important to mention that, the noncommutativity theory was introduced firstly by W. Heisenberg in 1930 [7] and
then by H. Syndre in 1947 [8]. The new structure of NCQM based to new canonical commutations relations in
Schrédinger, Heisenberg and Interactions pictures (SP, HP and IP), respectively, as follows (Throughout this
paper, the natural units C = % =1 will be used) [9-13]:

3, Txv}:[x#(t)’fxv(t)}{x,ﬂ(tyfx,v(t) _ig, @

the indices ( 4,V 5173), This means that the principle of uncertainty for Heisenberg was generalized to include

rather than both position and momenta ()A(ﬂ, f)v) only to include also two positions ()?ﬂ,)?v) and two momenta
A A . . MY

s (pﬂ, pv) in the same time. The very small two parameters 8 and 6 (compared to the energy) are

elements of two antisymmetric real matrixes, parameters of noncommutativity and (*) denote to the Weyl

Moyal star product, which is generalized between two arbitrary functions (f g)(x p)— (f gXx p to the new
form (% p)3(%, p)=(f *g)x, p) in (NC: 3D-RSP) symmetries [13-21];

(fg)(x, p)—>(f =g)x, p)=(fg ——0"0:forg - | 9 ‘ort épgj(x, p) 3)

The second and the third terms in the above equation are present the effects of (space space) and (phase-phase)

noncommutativity properties. However, the new operators §H [X v, k’[ fl [Xm v plvkt in (HP and

IP, respectively) are depending to the corresponding operator fs Z[X” \Y pv] in SP from the following

projections relations:

{GEH (t):exp(“:lhl ( ))é:s exp(-iH (t t) :{‘/EH() exp('an hlm( ))*5 *exp(- 'an hlm( ) @)

fl (t): exp(il:'ohlm( - O))‘/:gs exp(_l ohlm(t_to) él (t):exp(lano hlm( )) 5 *exp( Iano hlm(t t )
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Here & = (X# v p, ) &y (t)z (X” v p, Xt) and &, (t)z (X,# \ p,vxt) are the three representations in QM,

dé, (t
while the dynamics of new systems %() are described from the following motion equations in NCQM:

d d . . . .
§H [éH hlm] §H |:§H ( ) nc— hlm:| fH (t)* H nc-him — H nc-him * é:H (t) (5)

The operators H and I:lh,m are the unperturbed and global Hamiltonian in QM for CGISTs while H

ohlm nco—him

and H ne_nim the corresponding Hamiltonians for MCGISTs in the NCQM. This paper consists of five sections, and

the organization scheme is given as follows: In next section, we briefly review the ordinary SE with quark-
antiquark potential containing CGISTs on based to ref. [6]. The Section 3 is devoted to studying the MSE by
applying the generalized Bopp's shift method and obtained the modified quark-antiquark potential containing
MCGISTs and the modified spin-orbital operator. Then, we applied the standard perturbation theory to find the

quantum spectrum of the n™ excited state which produced by the effects of modified spin-orbital and modified
Zeeman interactions. After that, in the fourth section, a discussion of the main results is presented in addition to
determine the new formula of mass spectra of the of HLM (B,B,, D and D mesons) in (NC: 3D-RSP)

symmetries. Finally, in the last section, summary and conclusions are presented.
Materials and Methods
Overview of the HLM under quark-antiquark potential containing CGISTs

In this section, we shall review the eigenvalues and eigenfunctions for spherically symmetric for the potential
includes Cornell, Gaussian and inverse square terms that are among successful interactions of physics [6]:

a b r?
V(r):F+r_2+k° exp(—az?J+cr (6)

The parametersa, b , @ and C are the parameters of the potential. The Hamiltonian operator for the scalar,
vector, pseudoscalar, and pseudovector (B, B;, D and D,) mesons is [6]:

H(p;, % )=H,(r)+H' @)

The parent Hamiltonian operator (the principal part) H,and the perturbed potential H" as [6]:

A a b r?
H,=——+—+—and H'=k, exp| —a® — |+cr ®)
0 2 0
2u r r 2
. mqaq . .
The reduced mass of quark and anti-quark system equal #=——=—. The complex eigenfunctions
m, +m
q q

n,m(r o, (p) nl (r)Y,m(G, gp) in 3D space while the radial part Rn,(r) satisfies the following differential

equation:
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d> 2d a b I+
[—+——+2,u(Em————2— 21 ﬂRm(r):O ®)

Where | and E represent angular momentum and the energy while—1 < m <+l . The reference [6] give the

wave function and the energy as follow:

11
¥, (1,0,0) = Nr 2 2 exp(<1/26(n, 1)), L4 ({0, Y, (0,0)
—2,ua2 (10)
2n+1)" +(21 +1)° +8ub +(2n+2 /(21 +1)° +8ub
(2n+1)" + (21 +1)° +8ub+ (2n+2) (21 +1)* + 8

E =

n,l

Where N is the normalization constant, d[l,,u):ﬂ(Zl +1J2 +8ub, 5(n,|):2 - 2uE | while Ylm(ﬁ, (o)are the

spherical harmonics.

Solution of Modified Schrédinger equation for HLM under Modified quark-antiquark potential containing
MCGISTs

Review of Generalized Bopp’s shift method: Some Basic Considerations

In this section, we shall give an overview or a brief preliminary for HLM under modified quark-antiquark potential
containing modified Cornell, Gaussian, and inverse square terms (MCGISTs) in (NC: 3D-RSP) symmetries. To
perform this task the physical form of modified Schrédinger equation (MSE), it is necessary to replace ordinary 3-

~ -
dimensional Hamiltonian operators H (X w1 P ) ordinary complex wave function ‘I’( rj and ordinary energy E_,

by new Hamiltonian operators H . ()A(ﬂ , f)ﬂ ) new complex wave function ‘i‘(f) and new valuesE__ .,

respectively. In addition to replace the ordinary product by the Weyl Moyal star product, which allow us to
constructing the MSE in (NC-3D: RSP) symmetries as [22-25]:

Hon (.. 0, ()= E.8 ()= K%, p, ) xp(?j _ E\P(?j 1)

The Bopp's shift method has been successfully applied to relativistic and NRQM problems using modified Dirac
equation, modified Klein-Gordon equation and MSE, respectively. This method has produced very promising
results for a number of situations having a physical, chemical interest. The method reduces to the Dirac equation,
Klein-Gordon, and equation Schrédinger under two-simultaneously translations in space and phase. It based on
the following new commutators [26-30]:

.2 ]=[%,@0).% @)]=i6, and [p,.p,]=[p, )b, t)]=i0um (12)

The new generalized positions and momentum coordinates ()A(#, f)v) in (NC: 3D-RSP) are defined in terms of

the commutative counterparts (X#, pv) in ordinary quantum mechanics via, respectively [31-33]:
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o A 0 v 5 Vv
b =06, 55 00,0 % |
The above equation allows us to obtain the two operators (f?‘, [52) in (NC-3D: RSP) symmetries [32-35]:
(rz,pz):(fz,pz)=(r2—ﬂé, p?+L6O ) (14)

The two couplings L® and L@ are (LX®12 +L,0,, + LZ®13) and(Lxélz + Lyézs + Lzém), respectively and (L,,

L, andL,) are the three components of angular momentum operator L while ©,=0, /2. Thus, the reduced

Schrédinger equation (without star product) can be written as:
H ()’i# ’ ﬁy )* \P( fj = Enc—hlm\P( fj =H ()z,u ! f),u )V(F) = Enc—hImW(F) (1 5)

The new operator of Hamiltonian H . ()A(#, ﬁv) of HLM can be expressed as:

A2

. a . 0, . 6, p , 0, 0,
thm(xyl Xlu) an hIm(X p ) H[Xy = X”_? pv! p[u = py +% Xv] :zlu—l—vhlm[r :\/[Xp - g pv][xy _% pvJJ

Where Vh,m(f) denote to the modified quark-antiquark potential containing MCGISTs in (NC: 3D-RSP)

symmetries:

o oa b ,P2)
Vhlm(r):vhlm(r):F+f—2+koexp ot +cf a7

ab P2 .
Again, applying Eq. (14) to obtain the four terms (T:Tzlko exp[—az ?j andCr ), which will be used to
rr

determine the modified quark-antiquark potential containing MCGISTs V, . (f) gives the following results as:

8,33, 86, o)

r r r 2r

b b b b ~~> 18.1
Py i Le+0o(e?) (181)

- >

cr —>cf:cr—£L®+O(®2)
2r

and
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(18.2)

Substituting, Eq. (18.1) and (18.2) into Eq. (17), gives the modified quark-antiquark potential containing MCGISTs
in (NC-3D: RSP) symmetries as follows:

2 2\ =>—
vh.m<r>»vh.m<f>=vh.m<r>+{i+£—£+ o] - ?}} Lo 19

2r r* 2r 2

By making the substitution above equation into Eq. (16), we find the global our working new modified
Hamiltonian operator H i, (f) satisfies the equation in (NC: 3D-RSP) symmetries:

H him (X;[ ’ pv ) = H nc—him (f) :H hlm(xp ' pv )+ H per-him (r) (20)

the operator H,, (Xﬂ, pv) is just the ordinary Hamiltonian operator for quark-antiquark potential containing

CGISTs in commutative quantum mechanics:

2 a b r?
thm(xﬂ, pﬂ) =§7+?+r_2+k° exp —az? +Cr 1)

while the rest part H ., (I‘) is proportional with two infinitesimals parameters (@ and @ ):

2 2 oy
H peronim (1) = i3+£4—i+k°a exp L I:@JrE 22)
2r° r° 2r 2 2 2u

Thus, we can consider Hper-hlm(r) as a perturbation terms compared with the parent Hamiltonian

operator H, . (Xﬂ, pu) in (NC: 3D-RSP) symmetries.

The exact Modified Spin-Orbital Spectrum for HLM under Modified quark-antiquark potential containing
MCGISTs in Global (NC: 3D- RSP) Symmetries:

In this subsection, we will apply the same strategy, which we have seen exclusively in some of our published
- > >
scientific works [32-35]. Under such particular choice, one can easily reproduce both couplings (L® and L @) to

- _ o>

the new physical forms (@ LS and 70 LS), respectively. Thus, the new forms of H (I’,@,é) for Heavy-

Light Mesons under modified quark-antiquark potential containing MCGISTs as follows:

_ a b ¢ k.l r 0|72
H (o> Ho (ne,d)=p] 2 +2 S 5% ol o2 T ||+ 2 1(s 23
per-hlm( ) so-hlm( ) y{[zrs r4 2r 2 p[ 2 JJ 2#} )
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- 222 2 1
Here ®=\/®122+®232+®132, «92\/9122+9232+9132 and ¥ zﬁ is a new constant, which play the role of fine

structure constant in the electromagnetic interaction or quantum electrodynamics theory QED, we have chosen
= -

the two vectors ® and ) parallel to the spin S of Heavy-Light Mesons. Furthermore, the above perturbative
terms Hper—hlm (I‘) can be rewritten to the following new form:

7 2 2 2
- 7l a b ¢ kea , I’ 0 (2* 2% 2
H,  o\I®o|==< —+—F—+ exp| —a°— |[[®+—¢J —L =S (24)
_ ) 2{2r3 (2 2 P 2 21
Where J and S are defined the operators of the total angular momentum and spin of Heavy-Light Mesons

such asB, B,, Dand D mesons. This operator traduces the coupling between spinS and orbital

-

momentum LS. The set (Hsofh,m(r,(a,é),\]z, L?, S?and J,) forms a complete of conserved physics

quantities and  for § :I, the eigenvalues of the spin-orbital coupling operator are
k() =1{j(j+1)-1(1+1) - 2}corresponding j=l+1 (spin great) j=I| (spin middle) and j=I-1 (spin little),
respectively, then, one can form a diagonal (3>< S)matrix for modified quark-antiquark potential containing
MCGISTs in (NC: 3D-RSP) symmetries, with diagonal element (H o yin)irr (He nim)ye @nd (He i)
given by:

3 are

a b ¢ ka’ r? 0 ). .
H =k ()| =+ -+ exp| —a®— [ |@+—|if j=I+1
( so—hlm)ll 7kl( {(er r4 2r 2 p( o 2 Jj Z/UJ J
a b ¢ r? o). .
H =) == —— exp| —a?— | |@+— [if j=I 25
( so—hlm)22 7/k2( {(2r3 r4 2r 2 p( a ZJJ 2#} J ( )

a b ¢ ka’ r? 6 ). .
H =k, | —=+———+-"L—exp| -’ — | |®@+— |if j=I-1
( so—hlm)33 7k3( {(Zra r4 2r 2 p( o 2 j} 2/,1] J

Here(kl(l),kz(l),ks(l))z%(|,—2,—2|—2). The non-null diagonal eIements(Hso_h,m)ll, (Hso_hlm)22 and

(Hso_h,m )3301‘ modified Hamiltonian operator H . (f) will change the energy values E_ by creating three

new values:

Eg-hlm = <‘P(I’, 0, (P)i(H so—him )11|‘P(r, 0, (0)>
Ennim = (P (1. 6,0)(H g i )o[ ¥(r.6.0)) 6)
Eim = <‘P(r’ 0, @X(H so—him )33|‘I’(|’, 0, (0)>

We will see them in detail in the next subsection. After profound calculation, one can show that the new radial
function Rnl(r)satisfying the following differential equation for Heavy-Light Mesons under modified quark-

antiquark potential containing MCGISTs:
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d> 2d 11+ a r2 a b ¢ ko r2\)-> Lo
- +2u By ———— — Ko 8Xp| —a® — |-Cr | — +———+-2—exp| —a* — | |LO&-—||R,(r)=0
dr?  rdr 2 H| Enc-him r g2 o p|—a 2 pl -« > nl( )

(27)

Through our observation of the expression of Hper_hIm (r) which appear in the equation (23), we see it as

proportionate to two infinitesimals parameters (® and 19_), thus, in what follows, we proceed to solve the
modified radial part of the MSE that is, equation (27) by applying standard perturbation theory to find acceptable

solutions at first order of two parameters ® and@. The proposed solutions for MSE under modified quark-
antiquark potential containing MCGISTs includes energy corrections, which produced automatically from two
principal physical phoneme’s, the first one is the effect of modified spin-orbital interaction and the second is the
modified Zeeman effect while the stark effect can be appear in the linear part of modified quark-antiquark
potential containing MCGISTs.

The exact Modified Spin-Orbital Spectrum for HLM under modified quark-antiquark model containing
MCGISTs in (NC: 3D- RSP) Symmetries:

The purpose here is to give a complete prescription for determine the energy level of n"the excited state, for
HLM such as scalar, vector, pseudoscalar, and pseudovector for (B,B;, D and D) mesons under modified

quark-antiquark potential containing MCGISTs. We first find the corrections Eg—hlm(kl(l )a,b,c,ky, a,n,l),

Em_h,m(kz(l),a,b,c,ko,a,n,I) and E,_h,m(k3(l),a,b,c,ko,a,n,I) which are generated with the non-null

diagonal eIements(Hso_h,m)ll, (HSO_h,m)22 and (Hso_hlm)33 corresponding j=I+1 (spin great), j=I| (spin

middle) and j=1-1 (spin little), respectively, at first order of two parameters (® and 5). Moreover, by applying
the perturbative quantum chromodynamics (PQCD) quark model, we obtained the following results:

. 2 2 5
Eqyom =N 2kl(l)'[ r1+90) exp(—5(n, )L (5(n, I)r)]z[Lgi3 + % - % + kO;X exp(— o’ r—)]@ i J dr
) r°or

E, i =Nk, (l )Tr“d("") exp(=3(n, )L (5(n, I)r)]z((i + % Ly koa” exp[— a? ﬁj}@) NG ] dr

Ey o = Nk, (1 )Tr“d("”) exp(=a(n, 1)L (5(n, I)r)]z[[i + % - % + koa” exp[— a’ %]]@ + 0 ] dr

0
(28)

We have used the orthogonality property of the spherical
harmonicsjY,m(H, o)N,"(0,0)sin(0)d&dp = 5,.5,,, Now, we can rewrite the above three equations to the

simplified new form:
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Eyam(k (1)a,b,c.ky,a,n,1)= |){® T,(n,1,0)+ T, (n,1,¢)+T,(n,1, .k, )] +—T }

Em(K,(1),a,b,¢,ky, @, 1) = I){@[Tl n1,a)+T,(n1,b)+T,(n,1,c)+T,(n1,ek )]+—T (n, |)}

Em(ks(1).a,b,c,ky, 0, 1) = I){@[T1 n1,a)+T,(n1,0)+T,(n,1,¢c)+T,(n,1,ek,) +—T (n,1)
(29)

Moreover, the expressions of the 5-factors T; (i = ZIT5) are given by:

+

(n,1,a)= Z_[r “2+dla) ey (—5(n, | r)[Ld 5(n, I)r)]zdr

T,(n,1,b)= bT 34 ey (-5 (n, DR [LE(5(n, D)r)f dr
T,(nl,c % L) exp(=5(n,| r)[Ld S(n,r ]zdr (30)
T,(n1,a,k,)= .[r“d Jexp(=(n,1)r) exp( %][Ld S(n,1)r)f dr

+00

T,(n,1)= jr“d Yexp(=5(n,)n)[L(s(n,1)r)f dr

0

S-wave states, for the ground state (N = 0,1 =0), we have Lg(o"’)(é‘(0,0)r) =1, a direct simplification to eq.
(30), we obtain:

T,(n=0,1=0)= % [réC 2 exp(=5(0,0)r) dr

T,(n=0,1=0)=b j rd®u-21 exn(-5(0,0)r) dr
0

+o00

T,(n=0,1=0,c)= —% [reCar -t exp(-5(0,0)r)dr 31)

0

2 +oo
_ kex

2
[roCatexp(-a? r? ~o0ondr

0

T,(n=0,1=0)= .[rd(o"‘)”‘l exp(~5(0,0)r)dr

0
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with d(0, 1) =+/8ub and 5(0,0)=2,/-24E,, . For the purpose of calculating the 4—factorsTl(n,a),Tz(n,b),
T, (n, C)and T (n, I), it is convenient to apply the following special integral [36]:

V

't V -1 ﬂ,
[ x expl- ax ix = 2 5 1“( p] (32)

0

1%
With conditions (ReA)0 , Rev)0 and p)0) and F[—J the ordinary Gamma function. After straightforward
Y

calculations, we can obtain the explicitly results:

|
—
>
I
o
||
\_/
||

a)=2 500 **'r(d(0,1)-1)

T,(n=0,1=0,b)=bs(0, o)z‘d(°"‘>r(d (0, 11)-2) 5
T,(n=0,1=0 ):_55(0 0)* 4 r(d(0, 1)+1)
T,(1=0,1=0)=05(00)"*'1(d(0, )+1)
Now, to obtain T4 (n,a, ko), we apply the following special integration [36]:
oo 2
X" exp(— Ax% — x)dx = (24 2 T(v )exp| 2= |D (Lj 34
!' pl ) ()2()p(8ﬂjvm (34)

Where D _, (Lj and F(v)denote to the Parabolic cylinder functions and Gamma function, respectively.

V24

Rel(/l)>0 and Rel(v)O). After straightforward calculations, we can obtain the explicitly results:

k 2 _d(0,u)+2
Tn=01=0,ak)="<" () " r(0(0 ﬂ>+z>exp[5g)> ]D_w(o,ﬂ)ﬂ)(@} e

Allow wus to obtain the exact modifications (Eg_h,m(kl(O),a,b,C,a,n=0,| =0), E. .k, (0)a,0,ca,n=0,1=0)
and E, ,,(k;(0),a,b,c,a,n=0,1 =0)) for Heavy-Light Mesons under modified quark-antiquark potential
containing MCGISTs, which induced by the effect of modified spin-orbital operator H, ., (r, o, 5) as
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Eqnim (kl(o): 0,a,b,c,a,n= 0)= 0

E . (,(0)=—Lab.can)= N Z{m(a,b,c,a, n=01=0)+ 2 T.(h=0,1 =o)}
2u (36)

£ (k(0)=—Lab,can)=—N 2{®T(a,b,c,a, n=01-0)+L7,(n=0. =o)}
7,

with T(a,b,c,a,n=0,1=0)=T,(n=0,1=0,a)+T,(n=0,1=0,b)+T,(n=0,1=0,¢)+T,(n=0,1=0,a,k,)

P-wave states, for this case (N =0,1 =1), we have L‘(’,(O’“)(é(o,o)r):l, a direct simplification to eq. (30), we
obtain:

+

T(n=0l=1a)= % _[rd(l"‘)‘l‘l exp(-5(0,L)r)dr
0

T,(1=0,1 =1b)=b [r*"**exp(-5(01)r)dr
0

+00

T,(n=0,I=1c)= —% I rd®a4L exn(-5(01)r)dr (37)
0

2+ 2
[ree exp(—a? % ~5(0)r)dr

0

kox
2

T,(n=0,1=1a,k,)=

T(1=0,1=1)= [r®*exp(-5(01)r) dr

0

Withd(1, 4)=/9+8b and 5(01)=2,/- 24E,, . For the purpose of calculating the 4-factorsT,(n,a), T,(n,b),
T, (n, C)and T (n, |), it is convenient to apply the special integral, that is in eq. (32):

T,(n=01=1a)= %5(0,1)1"’(1'”)F(d (1, 4)-1)T,(n=0,1 =1,b)=bs(OL)* *“T(d(1, 1)-2)

38)
T,(n=0,1=1c)= —%5(0,1)‘1‘d(1'“)r(d (L 4)+1) and T,(n=0,1 =1,) = 5(01)* *“T(d(1, 1) +1)
Now, to obtainT, (n,a, ko), we apply the special integration that is in eq. (34):
k 2 d(Lu)+2 2
T(h=01=Lak)= 03 @) 2 (@ u)+ Z)GXP((SEOT’?] D—<d<1,y)+z)(%’l)j (39)

Allow us to obtain the exact modifications E (kl(l), a,b,c,a,n=0,1 = l),

Eiiim (k2 (1), a,b,c,a,n=0,l :l) and E, . (k3 (1), a,b,c,a,n=0,1 = 1) for HLM under modified quark-
antiquark potential containing MCGISTs, which induced by the effect of modified spin-orbital
operator H (r, 0, (9), as:

so—hlm
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, _
Eynm(ki).a,b,c,a,n=0,1=1)= 7': {@T(a, b,c,a,n=0,1 =1)+21T5(n =0, =1)}
y7i
E, nm(k,(),a,b,c,a,n=0,1=1)=-1)N 2{®T (a,b,c,a,n=0,1 =1)+2iT5 (n=0,l =1)} (40)
y74

E, un(ks(@).a,b,c,a,n=0,1 =1)=-2)N Z{G)T(a, b,c,a,n=0,l =1)+2iT5(n =0, =1)}
7]

with T(a,b,c,a,n=0,1=1)=T,(n=0,1=1a)+T,(n=0,1 =1,b)+T,(n=0,1=1,¢)+T,(n=0,1 =1, a,k,)

For, any other n" (n #0, |) excited state, the exact modifications (Eg—hlm(kl(l ), a,b,c,a,n, I),

E.nm (k2 (I ), a,b,c,a, n,I) and E, . (k3 (1), a,b,c,a,n,1)) for Heavy-Light Mesons under modified quark-
antiquark potential containing MCGISTs which induced by the effect of modified spin-orbital

(r, 0, 5):

operator H_ .

Eqnm(ky(1).a,b,¢ kg, a0, 1)= N zkl(l){®T(a,b,c,a, n 1)+ %Ts (n, |)}

E. .k, (1)a,b,c, ko,a,n,I):;NZkz(l){®T(a,b,c,a,n,l)+ ziTs(n,l)} @1)
]

£ (k) abck,.anl)= ;N2k3(l){@T(a,b,c,a,n,I)+%T5(n,I)}

With T(a,b,c,a,n,l):Tl(n,l,a)+T2(n,I,b)+T3(n,I,c)+T4(n,I,a,ko) while the perturbed energy Er(]lp)corresponded
the perturbed potential H' obtained after applying the standard perturbation theory:

oo 2
E(P) = N2 j rtd0a) exp(-5(n, I)r)[L‘j("”) ((n, I)r)]z(kO exp(— a’ %j + cr}dr 42)

0

For S-wave states, the ground state (N = 0,1 =0), the corresponding energy is Eé%), a direct simplification to

eq. (42) gives:
+0 2
EP) = N2 J'(ko p 2w exp(— 5(0,0)r —a? %j +cr 3w exp(—5(0,0)r)Jdr (43)
0

We apply similtaniously, the two integrals (32) and (34), we obtain:

E() = N? {(052 )‘d(of = T(d(0, 1)+ 2)exp[MJ D_(d(lw)(a(o,o)) +5(0,0)°1(d(0, 1)+ 3)} (44

Aa® a
)
P-wave states, for this case (N =0,| =1), the corresponding energy is Eélp) which produced by perturbed

potential H', by the same méthode, we obtain:
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d (l,,u)+2

EP =N? {(052 )T I(d(L, )+ 2)exp(é£OT'lZ)ZJ D(d@w)(ﬂo’l)j +501 ™ T(d (1, 1)+ 3)}

a
(45)

The exact Modified Magnetic Spectrum for HLM under Modified quark-antiquark potential containing
MCGISTs in (NC: 3D- RSP) Symmetries:

Further to the important previously obtained results, now, we consider another important physically meaningful

phenomena produced by the effect of induced self-uniform magnetic field B. This field is self-generated from
the properties of (space-space) and (phase-phase) noncommutativity influenced on HLM such as scalar, vector,

pseudoscalar, and pseudovector for (B,B;, D and D,) mesons, under modified quark-antiquark potential

containing MCGISTs related to the influence of an external. To avoid the repetition in the theoretical calculations,
it is sufficient to apply the two following similtaniously replacements:

0> 4B 2 N, 7)o 2 2 Pl N
- f'i: is+£4—£+k°a exp AN G)+i L will - be - replace - by : is+£4—£+k°a exp peL 7+ BL
0 - oB 2r° ot 2r 2 2 2u 2rr ot 2r 2 2 2u

(46)

Here y and o are two infinitesimal real proportional constants, and we choose the arbitrary uniform external

magnetic field B parallel to the (Oz) axis, which allow us to introduce the new modified magnetic Hamiltonian
H. i (r,;(, 0') in (NC: 3D-RSP) symmetries as:

_ o k 2 2 - >
Hso-hlm(r’®’9)_)Hm—hlm(rllﬂo-)z[(is—i_%_i—l— g eXp[—azr—B;{—ki]{BJ—Nz} (47)

o2 2 2 24

-
Here NZ =—S B denote to Zeeman effect in commutative guantum mechanics, while X

o
=BJ-N,is the
new Zeeman effect. To obtain the exact NC magnetic modifications of energy for n" excited states of Heavy-
Light Mesons, Emag—hlm(m1n’ l,a,b,c, «, ko) we just replace both two parameters kl(l) and ® in the Eq. (41) by

mod-z

the corresponding quantum parameters M and y , respectively:

Epmag.him (m =—1+Inl,ab,c,«, ko): N 2{;{T(a, b,c,a,n,l)+ %TE, (n, I)}Bm (48)
S-wave states (N =0, =0) and P-wave states (n =0,] =1), the NC magnetic modifications of energy
excited of Heavy-Light Mesons E nag-nim (m =0,n=0,1=0,a,b,c,, ko) and
E nag-nim (m=04+Ln=0,1=1a,b,c,a,k,), respectively:
Enagnm(M=—1,+In=0,1=0,a,b,c,a,k, )= 0
5 P (49)
Enagnm((M=0,£1)n,1=1a,b,c,a,k,)= N3 4T(a,b,c,a,n=0,1 =1)+ZT5(n =0, =1)}Bm
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We have — | <m < +l, which allow us to fixing (2l +1) values for discreet number m . It should be noted that the
results obtained in Eq. (49) could find it by direct calculation E ..\, :<‘P(r,9,(pXHm_h,m(r,Z,E']‘P(I’,H, (p)> that

takes the following explicit relation:

o a b ¢ koa? r2 c
Eppag nin = N7 [ 1004 exp(—5(n,I)r)[Lﬂ("")(é(n,I)r)]z[(ﬁ+r—4—§+ Og eXp[—az ?Dﬂﬁi}“
0

(50)

Then we find the corrections produced by the operator H . {r, ,E for ™ excited states repeating the
m—hlm X p 9

same calculations in the previous subsection.
Results and Discussion

In the previous sections, we obtained the solution of the modified Schrédinger equation for HLM such as scalar,
vector, pseudoscalar, and pseudovector for (B, BS, D and DS) mesons under modified quark-antiquark

potential containing MCGISTs, which is given in Eq. (22) by using the generalized Bopp’s shift method and

standard perturbation theory. The energy eigenvalue is calculated in the 3D space-phase. The modified
- -

eigenenergies (Enc_gh,m,Enc_mh,m,Enc_lhlme,n,I,a,b,C,a,kO) with spin S =1 for MSE for Heavy-Light Mesons are

obtained in this paper on based to our original results presented on the Egs. (41) and (48), in addition to the
ordinary energy E,, for quark-antiquark potential containing CGISTs which presented in the Eq. (10):

Epegum(M 18,0, ¢, 0, k)= E, + EP) 4 7N2{(k1(|)®+ 7BmJT(a,b,c,a,n, I)—(; kl(l)+2i BmJTs(n, I)}
H u

a - (51.1)
Eoermm(M N1, 2,0,C, 2, ky ) = E,, + EP 4N 2{(k2(|)® +#Bm)T(a,b,c,a,n, I)—(ZB kz(l)+2i Bm]Ts(n, I)}
P P

Eoeenm (ML ab,c k)= E, +EP + 7N2{(k3(l)®+ 7BmJT(a,b,c, a,n, I)—[Ze k3(l)+2i BmJTs(n, I)}
1 "

Where Er(],p) is the perturbed energy which produced by perturbed potentialH'. For S-wave states
(n=0,1 =0) and P-wave states (N =0,| =1):

EnC—ghlm(m =0,n=0,1=0,a,b,c,q, ko): Eoo + Eé,%)

Epeomm(M=0,n=0,1=0,a,b,¢,a,k; )= E; o + ES?) +)N 2{— 20T (a,b,c,a,n=0,l = 0)+2iT5(n, I)}
U

Ereenm(M=0,n=0,1=0,a,b,¢,a,k, )= Eg, + E?) +;NZ{— 20T(a,b,c,a,n=0,I = O)+2iT5(n, I)}
U

(51.2)
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Emmm«mzaiﬂn=0J=Lab£¢n%)=Em+E&LHNZ%M2®+meﬁ(&b£¢LnJ}{:L+;;Bm}ng%

ﬁomm«sziﬂn:OJ=Lab£¢mg)=EM+E&LmNz%—®+ZBmﬁ(&bm¢LnJ%{;?—gme}ng%
uo2u

Em%m«m=0¢ﬂn=0J=L&uQakQ=Em+E&HVN{?2®+ZBMW@b£¢LmD+[0—57Bm}ng%
uo2u

(51.3)

This is one of the main objectives of our research and by noting that, the obtained eigenvalues of energies are

real’s and then the NC diagonal Hamiltonian an_h,m(x#, pﬂ) is Hermitian, furthermore it's possible to writing

the three elements (H . )i (Hooonim )22 and (H, . )33 as follows:

11’

(H nc—him )11 0 0
thm (X,u’ p,u)_) an—hlm(X/z’ p,u)E 0 (an—hlm )22 0 (52)
0 0 (H nc—him )33

A A A .
Where (an—hlm )11 =——"+H ghim/ (an_hlm )22 =——"+H,, nm and (H nc_cp )33 =——%+H, jm With
2u 2u 2u

Q

A-OLl-ol
= ATVETOL and the three modified interactions elements (H
2u 2u

nc

int—ghlm? Hint_mhim: Hint_inim) @re given by:

3 ot o2 2

2 o )
Hint—ghlm=§+r£z+koeXp[_az%]+Cr+7(k1(|)®+}(&mod-z{i+%—£+ o eXp(—azr—D

a b 18 a b ¢ ka .
Vhlm(r)_> Hintmhlm:F+r_2+koexp(_a ?J+Cr+y(k2(l)®+lxmodZ{F-I_F_E-I_ 02 exp[_a A

a_b re a b ¢ ka r?
Hintonim = T + p +K, eXp(— a’ ?J +Cr+ ;/(k3(l)® + N ods )[F + o + 02 exp(— a’ ?D

(53)

A
Thus, the ordinary kinetic term for quark-antiquark potential containing CGISTs (— ——) and ordinary interaction

Y7

2

r A
—+—2+k0exp[—a2?J+cr are replaced by new modified form of kinetic term 2—”° and new modified
rr 7,
H i mhims Him_lhlm) in (NC-3D: RSP) symmetries. On the other
hand, it is evident to consider the quantum number m takes (2l +1) values and we have also two values
for(j =141 |), thus every state in usually three-dimensional space of energy for heavy quarkonium system and
hydrogenic atoms under modified quark-antiquark potential containing MCGISTs will be (3(2| +1))sub—states.

To obtain the total complete degeneracy of energy level of the modified quark-antiquark potential containing
MCGISTs in (NC-3D: RSP) symmetries, we need to sum for all allowed values of | . Total degeneracy is thus,

interactions modified to the new form (Hint_ghlm,
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ni(2|+1)=n2 —>3(ni(2|+1)j53n2 (54)

i=0 i=0

E

new discrete atomic quantum numbers (n, j,|,S) andm in addition to the parameters (a,b,c,a,ko)of the

Note that the obtained new energy eigenvalues (E E. cihim Xm, n, I,a,b,c,a) now depend to

nc-ghlm? =nc-mhim?

- >

quark-antiquark potential. It is pertinent to note that when the atoms have S = 0, the total operator can be
obtains from the interval||—s|£ J £||+S|, which allow us to obtaining the eigenvalues of the operator

) a2 o2
(J -L -§ j as k(j,l,S)EO and then the energy spectrum (E E E Xm,n,l,a,b,c,a} reads:

nc-ghim? =nc-mhim? =nc-lhim

(Enc—ghlm’ Enc—mhlm’ Enc—IhIm Xm’ n’ I ! a’ b’ C’ a) = EnI + Er(llp) + 7N Z{ZT (a’ b’ C’ a, n’ I)_%TS(n’ I)}Bm
(55)

Our last application is to calculate the modified mass spectra of the Heavy-Light Mesons such as scalar, vector,
pseudoscalar, and pseudovector for (B,B,, D and D) mesons under modified quark-antiquark potential

containing MCGISTs. In order to achieve this goal, we generalize the traditional formula
M :mq+ma+En|+ErE,p) to the new form:

M = mq + ma + EnI + Er(llp) - Ivlnc—hlm nc-ghim + Enc-mhlm + Enc-lhlm Xm' n, I ' &, b' C, a) (56)

1
=m, +mq+§(E

1
Here g(Enc_ghlm +E +E Xm,n,l,a,b,c, a) is the non-polarized energy value. Thus, the modified

nc-mhim nc-lhim

mass of Heavy-Light Mesons M suchas (B,B,, D and D,) mesons:

nc—hlm

{(;{Bm—%®+jT(a,b,c,a,n,I)—(ZiBm—%}@(n,l)} for S=1
I\/Inc—hlmzl\/|—+_7/N2 — g g
{;(T(a,b,c,a,n,I)—%T4(n,I)}Bm for S=0

(57)

Thus, the spin-orbital coupling <Hsofh,m> introduced automatically in the masses of (B,B;, D and D)

mesons, we did not consider it an external terms. Here M is the Heavy-Light Mesons under quark-antiquark
potential containing CGISTs in commutative quantum mechanics, which defined in [6]. If we
consider(@, z)—)(0,0), we recover the results of commutative space of ref. [6], which means that our

calculations are correct.
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Concluding Remarks

In the present work, the 3DMSE is analytically solved using the generalized Bopp's shift method and standard
perturbation theory. The quark-antiquark potential is extended to include effect of noncommutativity space
phase based on ref. [6]; we resume the main obtained results:

a b r’
Ordinary quark-antiquark potential (—+— + Ko exp(— a’ ?] +CI') were replaced by new modified
r r

interactions (H int_ghims Hint_mhim> Hint—lhlm) for Heavy-Light Mesons,

Sl
Qll

— -
A A A-OL-olL

The ordinary kinetic term —— modified to the new form — = for Heavy-Light Mesons
21 24 2u

under influence of modified quark-antiquark potential,

We obtained the perturbative corrections (Enc_ghlm, E c.otim Encnim Xm, n,1,a,b,g,h) for " excited state

N

- -
with (spin S =1 and S = 0 for MSE for Heavy-Light Mesons under influence modified quark-antiquark
potential containing MCGISTs are obtained.

We have shown that the spin-orbital coupling <H 507h|m> were introduced automatically in the masses of

(B.B,, D and D) mesons

The mass spectra of heavy-light mesons (B, B,, D and D, mesons) were calculated in the extended quark

model containing MCGISTs, the new values M . ., equal the sum of corresponding value M in CQM and two

perturbative terms proportional with two parameters (® and ). Through the of high-value results, which we
have achieved in present work, we hope to extend our recently work physics for further investigations of
particles physics and other characteristics of quarkonium.
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