MathLAB Journal Vol 7 (2020) ISSN: 2582-0389 http://www.purkh.com/index.php /mathlab

Certain Definite Integral Associated to Struve Function, Bessel Function and Hypergeometric

Function

Salahuddin and Anita

Department of Mathematics, PDM University,
Bahadurgarh 124507, Haryana, India

E-mail:vsludn@gmail.com

Abstract

In this paper we have derived certain definite integral involving Struve function, Bessel function and hypergeometric

function.
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1. Introduction
Yurry A. Brychkov|[Brychkov p.204(4.7.7.22)] has derived the below formula

1
/ % cos 'z Ji(ax)dr = 1 [3(1 — 2a(4a” + 1)Jo(2a) + (46> — 1)y (211)] +
0o T 6a
27ma?
+5 [J1(2a)Ho(2a) - Jo(2a)H1(2a)]. (1.1)
Struve functions are solutions of the non-homogeneous Bessel’s differential equation:
( a+1
d’y | dy 5)
2 2 2
ZJ il - = 1.2
r daz2+mdx+(m )y ﬁl"(aJr%) (1.2)
and are defined as: N
2<%) 2 ; 20
H,(z) = 7/ sin(x cos 0)sin~(6) do (1.3)
0

Bessel functions of the first kind, denoted as J, (z), are solutions of Bessel’s differential equation that are finite at the origin
(z = 0) for integer or positive «, and diverge as x approaches zero for negative non-integer a( See[12]). It is possible to define

the function by its Taylor series expansion around x = 0.

> 1™ z)2mte
5w = 3 arrmtars (3) (1)

m=0

where I'(2) is the gamma function, a shifted generalization of the factorial function to non-integer values. The Bessel function of

the first kind is an entire function if « is an integer.

The Bessel functions are valid even for complex arguments z, and an important special case is that of a purely imaginary
argument( See[12]). In this case, the solutions to the Bessel equation are called the modified Bessel functions (or occasionally the

hyperbolic Bessel functions) of the first and second kind. The first kind of modified Bessel function is defined as

—a > 1 z\2mte
Ia(z) =0 % Jaltz) = > i Tom a1 (5) (1.5)

m=0
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A generalized hypergeometric function , Fy (a1, ..., ap; b1, ..., bg; 2) is a function which can be defined in the form of a hypergeometric

series, i.e., a series for which the ratio of successive terms can be written

k1 P(k)  (k+a)(k+a2)...(k+ap) ; (1.6)
ce Q) (k+bi)(k+ba)..(k+by)(k+1) '

Where k + 1 in the denominator is present for historical reasons of notation[Koepf p.12(2.9)], and the resulting generalized

hypergeometric function is written

a1,a2, - *,ap B — (a1)k(a2)k - (ap)rz”
rFy =% (bl)i(bg)i--~ L (1.7)

k=0
b17b27"'7bq 5

where the parameters b1, b, - - -, by are positive integers.

The , Fy series converges for all finite z if p < g, converges for | z |< 1if p = g+1, diverges for allz , z # 0 if p > g+1[Luke p.156(3)].

The function 2 Fi(a, b; ¢; z) corresponding to p = 2,q = 1, is the first hypergeometric function to be studied (and, in general,
arises the most frequently in physical problems), and so is frequently known as "the" hypergeometric equation or, more
explicitly, Gauss’s hypergeometric function [Gauss p.123-162]. To confuse matters even more, the term "hypergeometric func-

tion" is less commonly used to mean closed form, and "hypergeometric series" is sometimes used to mean hypergeometric function.

In mathematics, the falling factorial or Pochhammer symbol (sometimes called the descending factorial,falling sequential product,

or lower factorial) is defined as the polynomial[Steffensen p.8|

(@)n =z(z — 1) (z — 2)....... (x—n—i—l)zH(x—k—Fl)zf[(x—k) (1.8)

2. Main Formulae of the Integration

For Re(a) > 0 A Im(a) =0

1 And 4 2 _
/ % cos\x J2(az)dz = 6710 {2( dmwa*Hy(2a) + 8621, + 2a 9)Jo(2a)+
0

a

5 — 4t 2
+2(47T(1 Hy(2a) a(:zg +a® +9)J1(2a) 15} (2.1)
1 _ 1 [6(—27a®Hi(2a) + 4a® + a* + 8a% — 100)Jo(2a
/0 2 €08 11’J§(ax)dx:fo{ ( 1(2a) . )Jo( )+
7 4.6 4 2
+3(47ra Ho(2a) — 4a +;5 116a” +200)J1(2a) 35} (2.2)
1 _ 8 8 6 _ 4 2
/ iz cos ™'z J2 (az)dz = 1 [4(—4ma”Hi(2a) + 8a® + 2a° — 33a” + 2250a 8820)Jo(2a)+
0o T 504 ab
4(4mwa®Ho(2a) — 4a® + ab 4 423a* — 2 2 2
n (4ma”Ho(2a) — 4a° + a —|—a73a 6660a“ + 8820)J1(2a) —63] (2.3)
' 1 [10
/0 = cos 'z JZ(ax)dz = 990 {ﬁ(f%amm(m) + 40" 4 a® + 24a° — 5436a" + 1078564 —
—326592)Jo(2a) + %(47ra11H0(2a) —4a" + a® — 1116a° + 642964 — 542304a” + 653184).J1 (2a) — 99 (2.4)
/1 L cos 'z J§ (ax)dr = 1 i(—47ra12H1 (2a) 4 8a' 4 2a'° — 73a® + 36560a° —
0 2 1716 | a0

—2101680a" + 271555200 — 73180800).Jo(2a) + %(47ra13H0(2a) — 44" + "% + 2393a® — 349040a°+
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+9581040a" — 63745920a” 4 73180800).J; (2a) — 143 (2.5)

1
L os 'z J2(az)dz = Lo —2ma* H1(2a) + 40 + a'? + 48a'° — 493204a° + 6310800a° —
0 x? 2730 | a'?

—217857600a" 4 2292364800a” — 5782233600).Jo(2a) + a%(zlﬂ-awHo(Za) —4a™ +a'? — 4536a'°+

+1368000a° — 89344800a° + 1764374400a" — 10366963200a> + 11564467200).J; (2a) — 195 (2.6)

1
/ ig cos 'z J§(ax)dx = ﬁ {%(,4“116[_[1(2&) +8a'® 4 2™ — 1294"% + 229410a'° -
0 T a

—56025900a° + 41030388004’ — 1086435504004 + 1014226012800a° — 2451889440000).Jo (2a)+
+%(47ra17H0(2a) — 40" + o' + 7839a"* — 43263004’ + 562016700a® — 24987009600a°+
a

+411432436800a" — 2240170732800a° + 2451889440000).J; (2a) — 255 (2.7)

1
= cos *x Ji(az)dx = _L 18 —27a"®H,(2a) 4+ 4a"® + a'® + 80a'* — 239320a*+
0 x? 5814 | a6

41008319200 — 13626164160a® + 735090048000a° — 16576675315200a* + 143117694720000a° —
—335927015424000).Jo(2a) + %(4#(1191-[0(2(1) —4a"® + a'® — 12680a"* + 11736320a'° —
—2702498400a*® + 230278043520a® — 8190865267200a° + 120283209446400a* —

—622162404864000a> + 671854030848000).J; (2a) — 323 (2.8)

| _ 1
/0 -2 €08 Yo Ji(ax)de = m(—47ra20H1 (2a) + 8a° + 2a'® — 201a'® + 9191524
—621572112a*2 + 141136115904a° — 13643151096960a® + 607763457100800a° —

—12312800314214400a” + 100623973408358400a> — 231125690776780800)Jo(2a)+

+ 7981 — (4ma® Ho(2a) — 4a®° + a'® + 19449a"® — 28354896a** + 106787550244 —
a
—15689181392644'° 4+ 103759350710400a® — 3193951054694400a°+
+43364312786995200a — 216186818796748800a + 231125690776780800 (2.9)
' i cos 'z J3(ax)dz = L a’ |2 F: 13 1,2,4;—a® ) — 1 (2.10)
23 2 = 487r 2143 2 2a )4y Ty .
5 13 5 13 5
1 _ 13 2 . 1 2.11
/ cos™ mJ3(ax) 1927ra [2F3<2,2,1,1,57 a) 22F3<2 2,1,2,5, a)—|— ] ( )
1 [ 1 1
/0 e cos 'z Jf(am)dx = @mf _3 2 F3 (5, g; 1,1, 6; —a2> —32F3 (57 g; 1,2,6; —a2> —
13
Py 2, 2,3:1,1,2,6;—a% ) + 1 (2.12)
2’2’
of 13 1 3
il _— _ 1,2, —
/ cos™ xJ5(ax) 9607ra 62F3(2 2,1,1,7 ) 42F3<2 L 7 — )

13

—4 3F4(1 3 81.1,2.7 —a ) +3F4<§,§,4;1,1,2,7; —a2> +1] (2.13)

! 1 1
/ :%4 cos 'z J; (ax)dx = 50790 [ —945a° + E{S(—647ra8H1 (2a) + 128a® + 32a° — 240"+
0

16(32ma’ Ho(2a) — 32a® 6 _18a* — 241102 2
4292507 — 22050).J (20) } + ~032me Ho(2a) = 3247 + 8a ~ 8a” — 6975a” + 11025)1(2a) —2520} (2.14)
1 1 1
/0 P cos 'z Jg(am)daz = —%mfl [2F3<§, g; 1,3,6; —a2> — 1} (2.15)
| _ 1 5 37 15
/(; 5 €08 e Jg(am)dfc = _268807ra4 [3—2(1 2F3(2 2;2,4,9; —a2) +2F3<2 2 1,1,8; —a2> - 1] (2.16)
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1 17 r
/ cos z Ji (azx)dx = oo {2F3<2, 271,4,8, a ) 1} (2.17)
1
1 —1_. 12 1 6 1.7, L2 1,7, L2
/ 7 Cos st(aw)dx—5160967ra [ 22F3<2,2,174L,97 a’ | + 3Fy 2,2,2,1,1,4,9, a” | +1 (2.18)
1 6 1 7 . 2 1 7 a2
/ cos™ x]b(ax)d =~ 5399135 [32F3<2,2,1,4,10, a) 33F4(2,272,171,4710, a
1.7 2
+aFi( 5,3, 5i1, 14,10 —a” ) — 1 (2.19)
1
1 —1_ 72 1 6 17 L2 7 L2
/0 7 cos J7 (az)dx = T A1440™® |:2F3(2 271,1,11,fa ) —4 2F3(2 3 1,4,11;—a” |+
17 17
16 3F4<2 3511411 —a)—43F4< .3:1,1,4,11; —a)+1:| (2.20)
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