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Abstract

In the present work, we first introduce five new quadruple hypergeometric series and then we give integral
representations of Euler type and Laplace type for these new hypergeometric series, which we denote by

(4) (4) (4) (4) (4)
KXot Xo2's Koz Xog'y Xas -

Keywords: Beta and Gamma functions, Integrals of Euler type, Laplace integral, Quadruple hypergeometric
series, Humbert functions.

Subject Classification: 33C20, 33C65.

Type (Method/Approach): Series Manuplition ; Integral Transformation;
Date of Publication: 30-08-2018

Volume: 1 Issue: 2

Journal: MathLAB Journal

Website: https://purkh.com

This work is licensed under a Creative Commons Attribution 4.0 International License.
BV

213



1. Introduction

Many applications of Gauss hypergeometric functions to partitions, number theory, combinatorics and
mathematical physics, etc. have inspired a large number of authors to investigate hypergeometric functions of
two or more variables (for example [1-9]). The developments in many areas of mathematics such as
representation theory, geometry, algebraic geometry, combinatorics, number theory, mirror symmetry, etc.
have led to increasing interest in the study of hypergeometric functions of several variables. Moreover,
hypergeometric functions are seen in several applications of physical and chemical problems ([10-12]) for
instance, in the solutions of degenerate second-order partial differential equations in many problems in gas
dynamics, in the problem of adiabatic flat-parallel gas flow without whirlwind and in many other problems
[13].

Appell defined four hypergeometric functions of two variables denoted by F;, F,, F;, F, (see [14]). Horn [14]

introduced ten hypergeometric functions of two variables namely G;,G,,G; Hy,...,H;. Then, Lauricella
gave fourteen complete triple hypergeometric functions denoted by Fl, Fz . F14 (see [14, section 1.4
and 1.5]). F,F,,F and Fy of these hypergeometric functions correspond to the Lauricella hypergeometric
functions of three variables F,£3), FB(S), Fc(s)and Fé3), respectively. Saran [8] presented systematic study of
the triple hypergeometric functions of Lauricella given by the symbols F¢, F¢,...,F; . Srivastava's triple

hypergeometric functions are given by HA,HB and H. which aren't included among Lauricella’s
hypergeometric functions [14, section 1.5]. Exton [3] introduced twenty distinct triple hypergeometric
functions namely X, (i =1, ..., 20). By the motivation of double and triple hypergeometric functions, Exton

[4] defined twenty one complete hypergeometric functions of four variables by symbols K, K, ,..., K,,.

In [9], Sharma and Parihar introduced eighty three complete hypergeometric Fl(4),F2(4),...,F8(;) of four

variables.

Motivated essentially by the works by Exton ([3], [4, Chapter 3]) and Sharma and Parihar [9], we introduced in
[15] thirty new quadruple hypergeometric series Xi(4) (1=1, ..., 30), five of them defined below

= (a) (@2)gensp (@), X™ y" 2P Ut
X (a,,a,,a,,8,,8,,8,,8,,a,,C,,C,,Cy, Cyi X, Y, Z,U) = AR S —, (1)
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©(a,.8,,8,,8,8,,8,,8,,8,6,,C,, ;. C, Py ©)ors©)aes), i 1l pl

We have organized the rest of this paper in the following way: Section 2 introduces numerous integral

representations of Euler type which include Appell's functions of two variables Fz, F, and F4 [14 and 16],
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the Horn's function H4 of two variables (see [14]), the Gaussian hypergeometric function , Fl [14], the

Exton's triple series X,, X5, X,, X3, X4, X5, Xis and X, (see [4]), the Lauricella's triple series

F(g)and F ([5], [8]), and the quadruple series X (4), Sharma and Parihar hypergeometric function of four
C F 21

variables F1(44) [9] and Lauricella hypergeometric function of four variables FC(4) [14] for the new quadruple

functions denoted by Xi(4)

X W (i= 21,22, 23, 24, 25).

({ =21, 22, 23, 24, 25). Section 3 presents Laplace type integrals for each series

2. Integral representations of Euler-Type

Now, by means of the Gauss hypergeometric function , Fl, Appell hypergeometric functions le Fgand F,,
Horn's function H, of two variables, the Exton's triple series X,, X5, X,, X5, Xi4, X5, Xy and

X0, the Lauricella's triple series FC(S) and Fr and the quadruple series Fl(f), Xg) and F¥, we

investigate some further integral representations of Euler-type for Xi(4) (i=21,22, 23, 24, 25) as follows:

T(a, +a, +3,)1(c,)
F(al) F(az ) F(as ) F(a) F(Cl - a)

<fLL @ ey g g )
y Fé“)(al +a22 +a, ’al +a22+a3 +l;a ,C,—a,C,,Cy; AX, A,Y, A2 ,/14uj dadpdy (21)

(=40’ 2y, ,=4a(-a)p*A-y) A,=40-a)p0-p), 4 =4al-a)s),
(Re(a,)>0,i=(1,2,3),Re(a)> 0, Re(c, —a)>0);

4 ) )
xél)(a1'al’aZ’al’al’aZ’a3’a2’Cllcl’C2’C3’X’ y,zZ,u) =

I(a,+a,)

Xéi)(aiv%’az,an’ai’aziasiaz;clicl’CZ’C3;X’ ,2,U)= F(ai)r(az)

X Jlol a®?! (1— o )az_l

(2.2)

X Xz(a1+a2,a3;cl,c3,c2;a2x+a(1—a) y,a(l-a)u, (1—a)z)da

(Re(a,)>0, Re(a, ) > 0);
2T
Xz(i)(ai’ai’az’ai’a'l’aZ’a3’a2;C1101’027C3;X’ y,z,u) = F(ai)l“%)—ai)
3
X J.og (sin2 a)al_; (cos2 a)%_al‘; (1_ usin? a) -a,
(2.3)

tan’ « z
xX.,|1+a —cC,,a,,a.;C,C, . Xxtan* a , — y , : da
14( W70 %8, 00 6 (1—usin2a) (l—usmza)j

(Re(a,)>0, Re(c, —a,)>0);
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)

Xéi)(ai,al,az,ai,al,az,a3,a2;cl,cl,cz,cg;x,y,z,u): F(Cl)(s _T) : (R_T)

1"(a1)1“((;l _ ai) (S _ R)zcﬁaraz,z

s ay +ay+a,—2¢;
<[ (a=Rp (@-Tf?

x[R-T)(s-R)(s-a)(@-T)+(s -Tf(a~RFx[ *[S -R)(@~T)~(s -T) @~ R)y] ™

xF,(a,,a,,1+a, —C,; C,, C;; 4,2, L,u)dar (2.4)
(4: (S-R)(a-T) |
[(S—R)(a-T)-(s-T)(@—R)y]
ey (S-RF (S-T)(@=R)(a-T) J
(R-T)(S-R)(S-a)(@-T)+(S-Tf(a-RFx|[(S-R)(@-T)-(S-T)(e-R)y]
(Re(a,)>0, Re(c,—a,)>0,T <R<S);
X(a,,a,,a,,a,,8,,8,,8,,8,;C,C,,C,,Cy; X, ¥, Z,U) = r(e)ric,)
(B BB Y )T - a) TG, - )
X,[:,[: (e*“ )a1 (e’ﬁ )a3 (1—e’ﬁ )Cz_aa_l[(l—e’“)Jr Xe 2 ]c‘_al_l (1— ye*—ze” )_az
» 2.5)
L ue
szl[lJral—cl,az,cg, _(1—e“")+xe‘2“_(1—ye“"—ze‘ﬂ)jdadﬂ
(Re(a,)> 0, Re(a,) >0, Re(c, —a,) >0, Re(c, —a,)>0);
I'la, +a
Xég)(airalfaz’alfa1’a21a3’a2;C2’C1’C1’C3;Xv y,Z’U)ZF((;:)—T@Z))
[ ey
X X4(a1 +5,8,;C,,Cp,Cqi X4, Yy +2 (1—e‘”‘), u e“”)da
(Re(a,)> 0, Re(a,) > 0);
Xég)(%’allazia1!a1'aziaslaz;cz'cl’cycs;X’ y,Z,U) = F(ai)l;(&)—al)
xjol a*t(l-a) ™ l-au )™
2.7)

2X z
Xxl{“""“%’ ELILI i A ] (l—au)]da

(Re(a,) >0, Re(c, —a,)>0);
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)

(4) . . _
X5, (a,8,8,,8,8,8a,,8a,,8,;C,,C,C;,Cs; X, Y, Z,U) =

X f a7 (L+a) [(1+ o)+ (Jzzx]cz_al_1
xF.(a,, a,,a,,1+a,—C,,a,,1+a —C,;C,;,C, C; AU, Z, A y)da

___al+a) -
(l B [(1+ a)+ azxjj ’
(Re(a,)>0, Re(c, —a,)>0);

21(c,)
r(az ) F(Cl -8, )

<2 (6in? P2 (cos? a2 1-ysin*a)” (L-zsin*a)”
0

(4) . . —
Xzz (ai'ai'aZ’ai’ai’aZ'a3'a2’CZ’C1’Cl'C3’X’ y,z,u) -

(2.9)

xH,| a,1+a,—-c;;C,,Cs; X - utan”a da
. S 3’(l—ySin2a)2, (1—YSin2a)

(Re(a,)>0, Re(c, —a,)>0);

4T(c)T(c,)
r(al) 1H(az ) F(Cl — &, ) F(Cz - a1)
x J'OE .[05 (sin2 a)al_% (cos2 a)cz_a“% (sin2 ,B)az_% (0032 ,B)q_az_%

x(L+xsin? & tan® & + y tan? e sin? Bf* ™ (1—zsin? B ™

4 . .
xéz)(a’uaﬂ.’azia’ua’uaz!as!awcziclicvcsvX’ Y, Z,U) =

(2.10)

u tan® o tan® B
x,F|1+a, —c,,1+a, —C;C,; _ . de d
? 1( EERCRAE IR (1+x5|n2atan2a+ytanzasmzﬂ)j d

(Re(a,)> 0, Re(a,) >0, Re(c, —a,)> 0, Re(c, —a,) > 0);

21(c,)
r(a)r(c,-a)

4 . .
X§3)(al’al’a2’a1’al'azla3’a21C1’C11C11C21X1yazlu):
z -2 afl 2 clfafl
x |2 (sin? )2 (cos? ™2 (211)

xxé‘l‘)(al, a, a,,a,,a,,a,,3,,a,;a,a,c,—a,C,; Xsina, ysin®a, zcos’ a ,u)da
(Re(a)>0, Re(c, —a)>0);
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I(c,)@+M)®

Xég)(alfal’a‘2’ai’al’a21a31a2;clicl’C17C2;X’y’z’u) =
I'(a,)T(c, - 2,)

xjjaarl (1_0{)c1 3-1 (1+ Ma )az - [(1+ Ma)—(l+ M )a Z]ﬁa12 (212)
(

X[a,a:c-a,c 1-a)x (l-a)y (L+Ma)u "
X{ v U7 1+ Ma)' [1+Ma)-(1+M e z] [0+ Ma)-1+M e z]]OI

(Re(a,)>0,Re(c, —a,)>0,M >-1);

X (a,,a,,a,,a,8,,a,,a,,a,;C,,C,C,C,; X, Y, Z,U) =
23 (aial Zalai 2 3 21 VY11 Y1 M1y Y2 y ) r(az)rcz_az)

x I: (e‘“ )a2 (1 —e™ )Cz_az_l (1— ue™ )_al

_a w (2.13)
B o X B ye Ze
x X13(a11 1+32 C,, a5, Gy, (1_u e_a)z J (1_e—a (1_u e—a)’ (l—e“)} da

(Re(a,)>0, Re(c, —a,)>0);

XZ(g) (ai’ab az’ailal! a2!a3! aZ;Cl’Cl’Cl’CZ; X’ y’ Z’U) - F(ai)F(CZ _ai)

xLZ (sin2 a)al_% (cos2 a)cz_al_% (cos2 a + M sin® a)az_cz
x |(cos® @ + M sin? & )- M ussin?a| ™
( ) I (2.14)
x X13(1+a1 —C,,a,, 8, C; M? xtan* a, 4y, /Izz)da
P M (cos’a+Msin’a)tan’a (cos? &+ M sin® ) _
~ |lcos?a+Msin*a)-Musin®a | " [(cos? @+ Msin?a)-M usin’a|)’
(Re(a,)>0, Re(c, —a,)>0, M >0);

I(a, +a, +a,)
X(4) 1 1 1 il 1 1 i) ; 1 1 il ; 1 1 il = 2 3
23 (81,81,85,8,,8,85,85,8,;C,C;,C;,Cp3 X, Y, Z,U) ra)r(a,)T(a,)

Ija (—a) prretl- gyt

XF{""1+&;+""3,""1”"2;"‘3+1 Cidalpixrhall-a) fly+4(-a) f - P Aa(l—a)ﬁzu)dadﬂ
(Re(a,)>0,i=(1,2,3) );

(2.15)

21(c,)
r(ai) F(03 - al)

4 . .
XV (a,,a,,a,,8,,8,,8,,a5,8,;C,,C,,C,,Cq X, Y, Z,U) =

s

y J'OE (sinz a)al‘% (0052 a)°3‘a1‘% (1—usin2 a) % (2.16)

z
x X,o| 1+a —c,a,a;c,c;xtan4a,—ytan2a,(—)_ da
16( 1 3 2 3 11¥2 1—US|n2a

(Re(a,)> 0, Re(c, —a,)>0);
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)

4 . .
X§4)(al,al,az,al,al,az,as,as,cl,cz,cl,cs,x,y,z,u) =

<[ (@-RPH(5-a)f = (a-Tf* [S-R)(a-T)-(s-T)

x X6(a,,8,,1+a;, —C5; ¢, Cy; X, A, Y, A, )da

(%_ (S-R) (a-T) L (S-R)(a-T) @17)
(s-R)(@-T)-(s-T)(@-R)uf "> [S-R)(@~T)-(S-T)(e~R)u]’

(R-T)(S~ @J

(S-R)(@-T)

(Re(a;)>0, Re(c,-a,)>0,T <R<S);

Ay =—

I'(a +a,+a,)

(4) . . _
X24 (al’al’a27a1'al'aZ’aS'aS’Cl'C27C1'C3’X1 y,z,u) =

I(a;)T(a,)T(as)
XIwIw e_a a1 1_e_a az—l(e_ﬂ)aﬁaz (1_e_ﬂ)a3—1
ch()(a +a22+a3,a +a22+a3+1 C,,Cy,Cai X+ 4,2, 45y , A Jdadﬂ (2.18)

(=de2? 4, =all-e“)e”’(l-e”) A =4e @ l-e) 1, =4e“Pl-e”)),
(Re(a POI—O2$)
I(c,)r(c,)

F(az ) F(as ) 1—‘(Cz —& ) F(C3 - as)
[ @ el e g amay - pu) s

4 x apfz
l-ay-puf 1-a)1-5)
(Re(a,)>0, Re(a,)> 0, Re(c, —a,) >0, Re(c, —a,)>0);

4 . .
X§4’(a1,ai,az,ai,ai,az,aS,aS,cl,cz,cl,CS, X, Y, Z’U) =

><F{%,Haz—cz,alTJrl,1+a3—c3;cl; Jdadﬁ

r(c,)T(c,)
r(az ) F(as ) r(Cz -, ) F(C3 - as)

jj a7 L+a)* ™ g 1+ B) % [+ a) 1+ B)-a 1+ B)y—(1+a) Bul™ (2.20)

e o+l o 4(1+a) @+ ) x
F3{2,1+a2 C,, 5 144, C3'C1'[(l+a)(1+ﬂ)—a(1+ﬁ)y—(1+a)ﬂu]2’a'Bz da dp

(Re(a,)>0, Re(a,) >0, Re(c, —a,) >0, Re(c, —a,)>0);

4 . .
X2(4) (8;,8,,8,,8;,8;,8,,83,8;4;C;,Cy,Cy, 45 X, Y, Z,U) =

2T(a, +a,)

Xg)(a.l,al,a3,al,al,az,a4,a2;cl,cz,cl,03;x,y,z,u) =
I'(a,)I(a,)

“ 1 1
x |2 (sin? &) 2(cos? )" 2
XF(4)(a1+a2 a+a, a+a, a+a,+1 a, +a,+1 a +a,+1
“U2 2 2 T 2 2
(21=4sin4a,/12:sin22a),
(Re(a,)> 0, Re(a, ) > 0);

(2.21)

,a4;cl,c2,c3,c1;/11x,/Izy,/lzu,z]da
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)

Xég)(awal,as’ai’awaz!amaz;C17C2’C17C3;X, y,Z,u) = F(Cl (S_T) : (R_T)l_ :

I'a, ) F(Cl —a ) (S o R)crarl
<J; (a=RP (5 -0 a-T)* [5-R)(a-T)

(R—T)(S—a)x’y’ujda

(S-R)(a-T)
(Re(a,)>0, Re(c, —a,)>0,T <R<S);

(2.22)

X X{al,az; C, —a,,C,,Cy;

r(c,)
r(az ) F(C3 —a, )

Xzs (8,8, 85,8,,8,,8,,8,,8,1C,C,, G, Cy3 X, Y, Z,U) =
XJ.: a®? +a) ™ [+ a)-aul™

(+afx  al+a)y e
X Xz{ai,lJr a, —C,,8,,8,; C,Cy; Mra)-aul’ - [+ a)—au] ,ZJ da

(Re(a,)>0, Re(c, —a,)>0);

r(al +a2 + a3 + a4)
F(al) F(az ) r(ag ) F(a4 )
8 .[ol Iol Jol a®t (L-a)f* 7 prrt (L= p) et -y

XF(S)(al+a2 +a,+a, a +a,+a,+a, +1
C

(4) . . _
Xzs (al’al’a3’aliapaz’a4'a27C1’C27C11C37X1 y,z,u) =

> : > ,cl,cz,cg;/11x+/122,23y,/13u] dedgdy (24

L=4a’By? A, =40-B)yLl-y) A =4a (1—05),6’27/2),
(Re(a,)>0,i=(1,2,34) );

I(c,)r(c,)
F(az ) F(a4 ) F(Cl —a, ) F(C3 —a, )
x J': J': g (@ ava; ) (1— e )C“a‘“l (1— e’ )Crafl (1— ze™“ )7a3 (1— ue” )7a1

4 . .
X9 (a,,a,,a,,8,,8,,8,,8,,8,;C,,C,,C;,Cq X, Y, Z,U) =

( ) (2.25)
o Cxli-e”) ye”
><H4[a1,1+a2 C,y; C, —a,,Cy; (1—ue‘ﬂ)2 , (1—eﬁ)(1—ueﬂ)] da dp

(Re(a,)> 0, Re(a, ) >0, Re(c, —a,) >0, Re(c, —a, ) > 0).

Proof of the integral representations of Euler-type

Once substituting the series definition of the special function in each integrand and then, changing the order
of the integral and the summation, and finally taking into account the following integral representations of the
Beta function and their various associated Eulerian integrals (see, for example, [17 p. 9-11], [18, 19, Section 1.1]
and [16, p. 26 and p. 86, Problem 1]), we derive each of the integral representations from (2.1) to (2.25).
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ot j t*1 (1 t, (Re(a)> 0, Re(b)>0),
€§2£$> (abecrzy), 2.26)
ab Ia‘ll ablda_[ 1e)1da
(Re( )> 0, Re(b)> 0)’ 2.27)
B(a,b)= ZJOZ (sina)™* (cosa )™ da =T ﬁ da -
(Re(a)> 0, Re(b) > 0),
-1} RTY HamR)* (5-a)
B(a,b)= (5_Rp !; @ 1) da (T<R<S)
@My [ o« (1=a)” (M >-1) (2.29)

(Re(a)> 0, Re(b) > 0).
3. Integrals of Laplace-Type

Here, we represent the quadruple series Xi(4) (i=21, 22, 23, 24, 25) in terms of single, double and triple

integrals by means of Laplace transform. Following are these integral representations of the quadruple series:

XD (320 24,2,,5,85, 20101, 00 X0V 2 = ey s jjﬁ“%t%
3.1)
XOFl(_; C;S x+sty)1 F.(a,; c,;tz) ,F(=c,; stu )ds dt, (Re(a1)>0, Re(a,)>0);
X¥(a,,8,8,,3,8,8,,8,,8,;C,,C,,Cp, Coi X, Y, ZU) =———— [ [ et gttt
22 2 2193, A5 Loy Ly Uy Uy F(al)l—*(%).[o jo 3.2)

xP,(a,; ¢, C,; Sy +1z,5u) ,F, (= ¢; s2x) ds dt (Re(a,)> 0, Re(a,)>0);

1 P[P f—(s+t+V) a1 ga,—1 a5
Xé?(ai,ai,az,a,l,a,l,az,aa,az;cl,cl,cl,Cz;x,y,z,u)=r(ai)r(az)r(as)j0 J‘O J‘O g (s++v) gl a1 a1 53)

xo Fy (=5 05 52X+ sty +1vz) ,Fy(—ic,; stu) ds dt dv (Re(a,)>0, Re(a,)>0, Re(a,) > 0);
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1 CLP [P A—(s+t4v) aqy—1 gay-1 85—
Xéi?(ay,al,az,ai,al,az,a?,,ag;cl,cz,01,03;x,y,z,U)=F(ai)r(a )r(a)Io [[[ etsatptye? 4
2 3 :
xoF (=5 €13 52X +1vz) oFi(=i G5 sty) oFy(—icqisvu) dsdtdv ,  (Re(a,)>0, Re(a,)> 0, Re(a,)>0);

1 ™ 5 a
Xég)(aﬂ.'afl.’aS’ai’ai’a27a4’a2;cl’c2’cl’c3;x’y'Z!U)ZWJ‘Oessll 3.5)

sz(as,a4; C; z,szx)‘Pz(az; C,,Cy; SY,8U) ds (Re(a,)>0);

Where (0 = ,1F1),‘P2 and Z, denote the confluent hypergeometric functions and the Humbert functions

defined, respectively, by

and

- (a)m(b)m x" y”
E‘ 1b1 ’ ] = -~ .
(@,bicix.y) mznéo ),., m!n!

Proof of the integral representations of Laplace-type

To prove the integral representations (3.1) to (3.5), it is enough to consider the expressions of confluent
hypergeometric functions and the Humbert functions given above and then to use Gamma integral formula

r(z)=[ e't*dt
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