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Abstract

The main purpose of this review-paper is to recall and partially prove earlier, as well as recent results on
convex optimization, published by the author in the last decades. Examples are given along the article. Some
of these results have been published recently. Most of theorems have a clear geometric meaning. Minimum
norm elements are characterized in normed vector spaces framework. Distanced convex subsets and related
parallel hyperplanes preserving the distance are also discussed. The convex involved objective-mappings are
real valued or take values in an order-complete vector lattice. On the other side, an optimization problem
related to Markov moment problem is solved in the end.
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1 Introduction

As it is well known, convex optimization is more convenient to realize than optimization of arbitrary mappings.
Hahn-Banach type results and their consequences (such as Caratheodory's theorem, Krein Milman theorem,
and existence of subgradients of convex functions) make convex optimization much easier than other
optimum problems. The reader can study the monographs [1]-[11] for the background on convexity and
functional analysis. In the last years, various generalizations and new results have been proved and applied in
the works [12]-[24]. Our references are far from being complete. It covers only a part of. convex optimization.
There are basic recently published results on constrained optimization, where the objective function is a
(nonconvex) polynomial and the constraints are defined by means of polynomials too (the variable runs over a
basic semi-algebraic set). Significant results in this area have been proved by M. Putinar, J.B. Lasserre, J.W.
Helton and many other authors. Most of their publications are available online. We restrict ourselves to convex
optimization and inequalities. On the other side, most of the results in the present work remain valid for
vector-valued convex mappings. Applications of Krein Milman theorem to the moment problem can be found
in [17], [23]. Optimization problems related to the moment problem are contained in [16], [24] and the
references there. The rest of the paper is organized as follows. Section 2 improves the main result of [19],
passing from convex real valued functions to convex operators having their ranges contained in an arbitrary
order-complete vector lattice. A characterization of finite dimensional bounded convex subsets is deduced.
Section 3 is devoted to characterizations of elements of minimum norms of convex closed subsets not
containing the origin, in normed vector spaces. Related results are also discussed [22]. In Section 4, aspects of
optimization in finite dimensional spaces are pointed out (finding minimum length of a surrounding curve and
minimum area of a surrounding surface). In Section 5, a constrained optimization problem related to Markov
moment problem [24] is briefly discussed. Section 6 concludes the paper.

2 On convex operators defined on bounded convex subsets of R"

In this section, we improve the basic result from [19].
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Theorem 2.1.

Let X is an arbitrary real vector space, B < X a finite dimensional convex bounded subset, Y and order
complete vector lattice and @: B —Y a convex operator. Then there exists Yo €Y such that @(X) =Y, for all
x € B.

Proof. Since B is finite dimensional and convex, its relative interior Fi(B) is nonempty. Recall that by ri(B)
one denotes the interior of B with respect to the topology induced on B by that on the (finite dimensional)
linear variety generated by B. Now by [20], ¢ is subdifferentiable at any point from ri(B). Let b, € ri(B) and
h a subgradient of @ at by, that is an affine operator h: X —Y such that h(b,) = ¢(b,) and h(X) < o(X)

for all X € B. On the other hand, let X;,...,X,,; P+1 be affine independent points in the linear variety

generated by B, such that BcCO{Xl,...,Xp+1} (here p is the linear dimension of the linear variety

generated by B). Such a system of points does exist thanks to the fact that B is finite dimensional and
bounded. Now the following relations hold

p+1 p+1 n
p()=2h(X)=h D ajxj =D ajh(xj))=| > aj |inf {h(xj);jefl,....,p+T}=
=1 j=1 =1
= inf h(x}); j €L, p+ 1= Yo
where
p+1 p+1
X:Z aJXJ’ OL]ZO, je{l,...,p+1}, Z(XJ:]..
j=1 j=1
This concludes the proof. a

Remark 2.1. The preceding proof furnishes a constructive method of finding a lower bound Y, for @(B)

.Since the convex bounded subset Bcan be approximated by convex polytopes, it results that a lower bound
for h(B) can be approximated by the lower bounds of h on these convex polytopes. On the other side,
.computing the latter lower bound might be a difficult task, since the approximating polytopes might have
many extreme points. Hence the volume of computations increases, the aim being to obtain a better
approximation for inf (h(B)).

Remark 2.2. A concrete example of an order-complete Banach lattice (which is also a commutative real
Banach algebra) of self-adjoint operators can be found in [8] (see also [7]).

In the next theorem, we show that the only convex subsets B c X such that any convex real function on B is
bounded from below are the finite dimensional convex bounded subsets.

Theorem 2.2.
Let X be an arbitrary real infinite dimensional vector space and B — X a convex subset, such that any convex

real function defined on B is bounded from below. Then B is contained in a finite dimensional subspace of X and
is bounded there.

Proof. Let X be an arbitrary linear functional in the algebraic dual X" of X. Then X and —X are convex,

and, by hypothesis, both of them are bounded from below on B. Thus X*(B) is bounded in R. Hence B is
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weakly bounded in X, endowed with the weak topology corresponding to the dual pair (X, X*).. Let us endow
X with the finest locally convex topology which is compatible with this dual pair (X,X™).. By [4, Corollary 2,
section 3.2, Chapter 1V], we derive that B is bounded in the latter topology. Application of [4, exercise 7,
Chapter 1II], leads to the fact that B is contained in a finite dimensional subspace and bounded there. This
concludes the proof. o

3 Elements of minimum norm and related results

In the sequel, we present the characterization of an element of minimum norm in terms of linear continuous
forms of norm one, related to the distance function, in arbitrary normed linear spaces. Related geometric
aspects are briefly discussed.

Lemma 3.1.
Let X be a real normed vector space, H ={f = a} a closed hyperplane in X and Xo € X . Then the distance

d(Xy,H) is given by formula:

f(xy)—
d(xo,H)=$. (3.1)

Theorem 3.1.

Let X be a real normed vector space, A< X a closed convex subset not containing the origin and a, € A. The

following statements are equivalent:
@ llall=inf{lal; acA};
(b) there exists f € X, such that
=1 llal=f(a)<Tf(@), vaecA;
(c) there exists a closed homogeneous hyperplane H such that
d(H,A) =2 .

Proof. Let B be the open ball of radius|| &, ||, centered at the origin. From (a) we infer that the intersection of
B with A is empty. From the Hahn-Banach theorem, we infer that there exists a hyperplane H ={f =a},

f € X" \{0}, which separates B from A. Scaling by a suitable constant, we can assume that o =|| @, ||.

Hence we have:

Bo{f <lla [}, Ac{f=[al}. (3.2)

If | X||<1, then we can write

2 ll-xll<llag l= f(lagll-x) <lla Il

This leads to || f [|[<1. Since a, € A, from the second inclusion (2.2) we infer that
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f > = f| 2 [>1=| f||>1.

The conclusion is:
I fl=1 llagli<f@)<lfll-lal=lall=f@=]a[="f(a) vaeA,
where we have used (3.2) once more. Now, the proof of (a) = (b) is complete.

(b) = (). Let f be a functional verifying (b), H = f_l({O}) . From this and also using Lemma 3.1, one
obtains for any a € A:

d(a,H)=%= f(a)z=]ay |, YaeA=d(AH)>|a,] .

On the other hand,
d(AH)<d(ay,H)= f(ay) =lla -
Comparing the preceding relations, we conclude that d(A,H) =|| ag ||.
(c) = (a). This implication is almost obvious:
lag I =d(AH)=d(H,A) < d(0,A)=| &l =inf {|la]; ac A}
Now the proof of the theorem is complete. O

Corollary 3.1.

Let X be a real Hilbert space, A< X a closed convex subset not containing the origin and a, € A.

The following statements are equivalent:

@ [lagll=inf {llal; aeA};
) llaplI°<(ay,a), VaeA;
© d({a} A =lal.

Proof. (a) = (b). From the corresponding implication of Theorem 3.1, there exists f € X such that

I 1= llagl="f(a)<f(@) VacA=
ueX, f=(u) ful=1 (ua)=lasl=lal-lul.

It follows that in Cauchy-Schwarz-Buniakovski inequality occurs equality, so that we must have:

u=2aay, =1l ay |=(u,a,) =A{ay,8,) <(u,a) = A(ay,a) =
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=2 llaylP<(ag.a) VaeA

=N
The implication (b) = (c) follows from the corresponding implication of Theorem 3.1, taking
H ={a}" ={u}"

The implication (c) = (a) also follows from the corresponding implication of the preceding theorem, applied
for the same hyperplane H ={a0}L. o

We recall the following related earlier results.
Theorem 3.2.

Let X be a normed vector space, C — X a closed convex cone,
X € X\C, dy=d(x,,C).
Then there exists a linear continuous functional f € X, such that
| fl1< f@u)<0VueC, f(X)=d,.

Proof. Let P: X — R be the functional defined by p(X) =d(x,C) =inf{|| x—y|; y € C}. Obviously we
have p(X,) =d,, We prove that p is sublinear:

pOx) =inf{]| 2x-y|; yeC}= inf{

1
AX—=N-—VYl; Ci=
e }

AMNE{|| x—=y[;ueC}, VA>0, A=0= p(Ax)=p(0)=0=2Ap(x).
On the other hand, for all X;,X, € X, ¥;,Y, € C one has:

X% =Y I+ 1% = Yo =) O+ %) = (Y + Yo) =2 p(X + %) =
inf{ll X, =y [Il; y; € C}+inf{]| X, =y, [I; Y, € C}> p(X + %) =
P(X +Xy) < p(X) + p(Xp), VX, X, € X.

Let Xo ={aXy;aeR}, fy: Xy >R, fg(axg) =ady, Yo e R.Then f islinear and for oo >0 we have
folo-Xp) =a-dy = ap(xp) = pla- %),
while for all o > 0, the following remark holds

The conclusion is that f, is bounded from above by p on the one-dimensional subspace X, . From the Hahn-

Banach theorem, we infer that there exists a linear extension f : X — R of fy, such that f < p on X. This

yields
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f(y)<0 VvyeC, f(x)<p(x)<d(x,0)=| x|, VxeX,
f(X0) =dy =d(%,C) = p(Xo)

Thus fis continuous, of norm at most 1, and satisfies all the other assertion from the statement. The proof is
complete. O

Remark. If X is a reflexive Banach space, then the distance d(X,,C) is attained at least at one point Y, of C.

In this case, we have
f(X) =l X —Yoll= F(Xo=Yo) = (X)) =% -Yo =

f[—xo_yo jz1:»|| fl=1
%= Yol

In particular, in any Hilbert space, the linear functional from Theorem 2.2 is of norm 1.
Theorem 3.3. [22]

Let X be a normed linear space, AB convex subsets of X such that dy = d(A,B) > 0. Then there exists two

closed parallel hyperplanes H;,H, which keep the two convex subsets distanced, such that

d(H,,H,)=d(A B).
Proof. From the hypothesis we derive

d, =d(0,A-B)=B(0,d,)N(A-B)=d =
3 e X7, f(x)<d, VxeB(0,d,), f(y)>d, Yy A-B.

The preceding relations further yield:
| fl<1 inff(A)=a>d,+supf(B)=p=o—Pp=d,.
Now the closed hyperplanes we are looking for are
H, ={f =o}, H,={f=p}.
Since the two hyperplanes separate the convex sets A and B, we have
d(H,,H,)<d(AB) .

In order to prove the converse inequality, observe that the distance beween two parallel hyperplanes equals
the distance from a point situated on a hyperplane, to the other one. This last remark, relation || f ||<1 and

Lemma 3.1 formula (3.1), lead to:

d(Hy, H,)=d(h,, Hz):| f(“hif)”_B| B Trf_ﬁ zo—f=d,.

This concludes the proof. O
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In Hilbert spaces, if the algebraic difference of the two convex is topologically closed, then the distance from
the preceding theorem is attained at a pair of points (a,b) € A X B. If the two sets have smooth boundaries,
the line joining these points is orthogonal to the tangent hyperplanes at these points, and these hyperplanes
are parallel. These remarks lead to the following result, which is useful in applications. It avoids using Lagrange
multipliers in determining the distance between two suitable convex sets, and the attaining points.

Corollary 3.2.

Let X be a real Hilbert space, p:X — R convex and smooth, q: X — R concave and smooth such that
q(x) < p(x) forallx € X. If there are a;, b; € X such that

d((a, p(ay)). (b, a(by))) = d(graph p,graph q) >0,
then there exists @ € R s. t
Vp(ay) = aVq(b,); 31 € R: (Vp(a,),—1) = /1(01 — by, p(ay) — Q(b1))~
Examples

1) Let X be a separable Hilbert space, {€,},cn @ Hilbert base in X, and consider the hyperplane

:{x;i an<x,en>=l}, (o)), €(1?), a,>0VneN.
n=0

Then it is not difficult to see that the orthogonal projection of the origin on H is the vector

Py (O)ZZ - €n-
: Z 12

In particular, we have

d(0,H)=————5>=d(0,B), B=HN{xeX; (x,e,)=0VneN}

bR

n=0
It follows that we can determine the orthogonal projection of the origin on the base B of the cone of all

elements with nonnegative Fourier coefficients. Note that it is a reflexive cone, because the closed unit ball is
weakly compact. One can prove that the base B is unbounded, because its “intersection with the coordinate

axis” are the point y, =o.'e,, ne N, ||y, |- «©.
o0
)Let X =1 or LX([0]), B=4x=(X3)n €I} X, 20VneN, D %y =1¢,
n=1

respectively
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B={oc(U): [} odt-1}.

In both cases we have
d0,B)=[lyl;=1 VyeB,

and obviously B is bounded, convex and closed. Hence there are an infinity of points (all the points of B) at
which the distance to origin is attained. This happens because of the form of ball in I* - norm (respectively in
L' — norm).

4 Optimization in finite dimensional spaces

In this section, minimum - length surrounding curve and minimum — area surrounding surface for a finite

dimensional compact set are constructed. Let K R? bea simply connected compact subset defined by
K={F <1}, oK ={F =1}, F eC?(R?), VF(x)=0VxeK\S, 4.1)

where S is the set of minimum points of F situated in K. Consider the problem of surrounding
K, ={x; f(x,K) <&} by a closed path y of minimal length. A variation of the problem is determining only

"a half" of such a path. The problem has an obvious practical significance.

Theorem 4.1.

Let C=cl(co(K,))=co(K,) be the (closed) convex hull of subset K_. Then the path y=0C is the
shortest curve surrounding K . The concave (respectively convex) “branches” defined by this path are uniformly

approximated by graphs of polynomials which preserve concavity (respectively convexity).

Proof. Due to Carathéodory's theorem [ ], we have:

3 3
C= Zanj; XjEEX(Kg), 0{j€R+, ZO{jZl,
=1 j=1

so that C:=co (K,) is not only convex, but also compact (one denotes by Ex(K) the set of all extreme

points of K, cl(B) is the topological closure of B and co(4) is the convex hull of A ). The geometric meaning of
the above equality is that constructing C is equivalent to joining some “convex components” to K, whenever

the latter subset is not convex. Recall that for a finite dimensional compact subset K one has
co (K) =co (Ex (K)). This is a consequence of Carathéodory's theorem too. To form the boundary of the

convex hull, we replace the arches of "non-convexity” by line segments. Any point

xeC\K,

lies in a triangle having such a line segment as one of the edges, with extreme points of K_ as the
segments's ends. The third vertex of this triangle is also an extreme point in K, . Clearly, y =0C does not
intersect the interior of K, < C. From the above arguments, the path y is formed by joining the arches of

oK, with the new added line segments as described above. Because these line segments represent the
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shortest path between the segment’s ends, and because obviously y surrounds C o K_, the first assertion in

the statement follows. The points at which the Hessian of F is positive semi-definite remain unchanged when
constructing the convex hull of K_ . Consider the concave function having as graph the “upper branch” and

the convex function define by the “lower branch” of y. In order to avoid non-smooth paths, the function for

the "upper branch” is approximated by the corresponding Bernstein polynomials, which preserve the concavity
of any concave continuous function. Also approximating the convex function defined by the “lower branch” of
y with Bernstein polynomials, the conclusion follows. o

Remark 4.1.

The following variant of Theorem 4.1 is natural and useful in applications, due to its iterative character: the
boundary of K_ is usually a continuous piecewise smooth curve, which is uniformly approximated by

polygonal lines. Given a non-convex polygon, it is easy to describe an algorithm of constructing its convex
hull, simply dropping out some edges and vertices of “non-convexity”. The convex hull of K_ is approximated

by such convex polygons.

The method from theorem 4.2 below works for compact subsets K < R" defined by means of a C?-function

on Rn, in a similar way to that from (4.1).

Theorem 4.2.

Let consider a compact subset K = R", n>3, K_={x;d(x,K)<¢e}. Then d(co(K,)) has a minimum

surface area among hypersurfaces surrounding K.

Proof.

One uses Carathéodory's theorem. The n — 1 dimensional simplexes which compose part of 0(co (K, )) have
smaller surface — area than any other hypersurfaces containing their vertices. The other part of 0(co (K)),
where the Hessian of F is positive semidefinite, is part of 0K, as well. If the boundary of co(K,) is not

smootbh, it can be approximated by smooth hypersurfaces. This concludes the proof. O
5 A constrained optimization problem related to Markov moment problem

This Section starts by recalling briefly one of the earlier extension type results [21] and, on the other hand, by
formulating one main problem due to Douglas Todd Norris’ PhD Thesis, entitled “Optimal Solutions to the L,
Moment Problem with Lattice Bounds” [16], directed by Professor Emeritus Robert Kent Goodrich. The latter
work suggested us the results of this section. One proves a result in a general setting, motivated by a similar
problem to that considered in [16] (theorem 6.2 from below). A constrained related optimization problem in
infinite dimensional spaces is solved too. The next result refers to the abstract moment problem [21], and is
based on constrained extension theorems for linear operators. It was recalled in Chapter 1 from above and will
be applied in the sequel. The results of this section were published in [24].

Theorem 5.1. (see [21])
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et X be a preordered vector space with its positive cone )Z+, Y an order complete vector lattice,
{Xj}jeJ X, {Vj}jes Y given families, U3,U; € L()Z,Y) two linear operators. The following

statements are equivalent

(a) there exists a linear operator U € L()Z ,Y) such that
Ui(X) SU(X) <Up(X), WYxeX,, U(x))=yj, Vjel;

(b) for any finite subset Jo = J and any {A }jc;, =R, we have:

> AjXj=o2—1 Loz e X, |2 Y Ajyj <Ua(w2)-Us(ey).
jedo jedo

In particular, using the latter theorem, one obtains a necessary and sufficient condition for the existence of a
feasible solution (see theorem 5.2 from below). Under such condition, the existence of an optimal feasible
solution follows too. On the other hand, the uniqueness and the construction of the optimal solution seems to
be not obtained easily by such general methods. Therefore, we focus mainly on the existence problem. For
other aspects of such problems on an optimal solution (uniqueness or non — uniqueness, construction of a
unique solution, etc.), see [16]. In the latter work, one considers the following primal problem (P)

V=inf{ll(pllooicoeLoﬁ(X), IX ppjdu=bj, j=12,...n, Osaﬁcoﬁﬂ}

where o[} are in Lﬁ(X), {(pj}r}zl is a subset of Llﬂ(X) and b= (b,b,,...,b,)" € R". The function ¢ is

unknown, and in general it is not determined by a finite number of moments. The next theorem generalizes
some of the above existence - type results for a feasible solution. Here (X,S) is a measure space endowed
with a o — finite positive measure y, and S is the ¢ — algebra of all measurable subsets of X.

Theorem 5.2.

Let P €[l,00) and q be the conjugate of p. Let {@;}j_; be an arbitrary family of functions in LE (X), where

the measure W is G ~ finite, and {b;};.; a family of real numbers. Assume that «, 3 € L(}l(X) are such that

0 < a < B. The following statements are equivalent:
(a) there exists ¢ € L(L(X) such that Ix oe;du=Db;,je)0<a<@<P;

(b) for any finite subset ‘]0 c J and any {Aj}jej c R, the following implication holds
0

D Ajoj=vo—vi, viwa e(Lh(X): = D 4jb; SIX Wzﬁdﬂ—jx yrodu
j€do i€do

Moreover, the set of all feasible solutions ¢ (satisfying the conditions (a)) is weakly compact with respect to the

dual pair (LP,LY) and the inferior

145



The MathLAB Journal Vol 3 (2019) http://www.purkh.com/index.php/mathlab

v:=inf{||¢||q:<oeL‘z,(><), [, opjdu=bj, i<, os(xs@w}znanq

is attained at least at an optimal feasible solution @.

Proof. Since the implication (a) = (b) is obvious, the next step consists in proving that (b) = (a). Define the

real valued linear positive (continuous) forms Uq,U» on X = LE(X), by

Ui(p)=|, padu, Us(e):=], ofdu peX.

Then condition (b) of the present theorem coincides with condition (b) of theorem 6.1. A straightforward

application of the latter theorem, leads to the existence of a linear form U on X , such that the interpolation
conditions U(gj) =bj. j €J are verified and

IX l//aduéU(l//)Sfx wAp, weX, .

In particular, the linear form U is positive on X = LE(X), and this space is a Banach lattice (in particular, X

is a complete metric topological vector space and an ordered vector space, whose positive cone X | is closed
and generating). It is known that on such spaces, any linear positive functional is continuous (cf. [4], ch. V, sect.
5). The conclusion is that U can be represented by means of a nonnegative function ¢ e L?J(X). From the

previous relations, we derive

[, vodus<[ vadus| wAlu veX, .

Writing these relations for ¥ = yg, where B is an arbitrary measurable set of positive measure (B), one
deduces

jB (p—a)du >0, jB (B-p)du>0, BeS, wu(B)>0.

Then a standard measure theory argument shows that o0 < @ <[ a. e. This finishes the proof of (b) = (a). To
prove the last assertion of the theorem, observe that the set of all feasible solutions is weakly compact by
Alaoglu’s theorem (it is a weakly closed subset of the closed ball centered at the origin, of radius || B |,). On

the other hand, the norm of any normed linear space is lower weakly semi - continuous. The conclusion is that

the norm | - ||, is weakly lower semi-continuous on the weakly (convex) and compact set described at point
(a), so that it attains its minimum at a function @, of this set. Hence, there exists at least one optimal feasible

solution. This concludes the proof. m|

Remark 5.1. If the set {cpi}l_el is total in the space Lfl (X), then the set of all feasible solutions is a singleton,

so that there exists a unique solution.

6 Conclusions
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Existence and finding lower bounds for convex mappings are discussed in the first part of this review-paper.
Some of these results generalize previously published theorems. In particular, a characterization of bounded
finite dimensional convex subsets is deduced. Minimum norm elements in normed vector spaces setting and
related results are also pointed out. Related examples are given. Other minimization problems having
geometric meaning are briefly presented. In the end, an optimization problem related to a Markov moment
problem in concrete spaces of integrable functions is solved. Each result is followed by its proof, so that the
results and their associated methods are presented together.

Acknowledgments

The author would like to thank the Referees for carefully reading the manuscript and giving useful
suggestions, leading to the improvement of the presentation of this paper.

References

1. R. B. Holmes, Geometric Functional Analysis and its Applications, Springer, 1975

R.R. Phelps, Lectures on Choquet’s Theorem, D. van Nostrand Company, Inc. Princeton, 1966.

N. Boboc, Gh. Bucur, Convex cones of continuous functions on compact spaces, Academiei, Bucharest,
1976 (Romanian).

H.H. Schaefer, Topological Vector Spaces. Third Printing Corrected, Springer — Verlag, 1971

W. Rudin, Real and complex analysis. Third Ed., McGraw-Hill, Singapore, 1987

N

R.T. Rockafellar, Convex Analysis,. Theta, Bucharest, 2002 (Romanian)

N o uA

R. Cristescu, Functional Analysis, Didactical and Pedagogical Publishing House, Bucharest, 1970

(Romanian)

8. R. Cristescu, Ordered Vector Spaces and Linear Operators, Academiei, Bucharest, Romania, and Abacus
Press, Tunbridge Wells, Kent, England, 1976

9. C. Berg, J.P.R. Christensen, P. Ressel, Harmonic Analysis on Semigroups. Theory of Positive Definite and
Related Functions, Springer-Verlag, New York Berlin Heidelberg Tokyo, 1984

10. C. Niculescu, N. Popa, Elements of Theory of Banach Spaces, Academiei, Bucharest, 1981 (Romanian)

11. C.P. Niculescu, L.-E. Persson, Convex Functions and Their Applications, Springer-Verlag, 2006

12.  C. Udriste, Convex Functions and Optimization Methods on Riemannian Manifolds, Springer, Dordrecht,
1994

13.  H. Bonnel, J. Collonge, Optimization over the Pareto outcome set associated with a convex bi-objective
optimization problem: theoretical results, deterministic algorithm and application to the stochastic case,
Journal of Global Optimization, 62(3) (2015), 481-505

14. H. Bonnel, L. Tadjihounde, C. Udriste, Semivectorial Bilevel Optimization on Riemannian Manifolds,
Journal of Optimization Theory and Applications, 167(2) (2015), 464-486

15. C. Dragusin, Min-max pour des critéres multiples, RAIRO Recherche Opérationnelle/Operations Research,
12, 2 (1978), 169-180

16. D.T. Norris, Optimal Solutions to the L,, Moment Problem with Lattice Bounds, PhD Thesis (2002),
University of Colorado, Mathematics Department, 2003

17.  G. Cassier, Problémes des moments sur un compact de R" et décomposition des polyndmes a plusieurs
variables, Journal of Functional Analysis, 58 (1984), 254-266

18. 0. Olteanu, Convexité et prolongement d'opérateurs linéaires, C. R. Acad. Sci. Paris, Série A, 286 (1978),
511-514

19. 0. Olteanu, Sur les fonctions convexes définies sur les ensembles convexes bornés de R?, C. R. Acad.

Sci. Paris, Série A, 290 (1980), 837-838

147



The MathLAB Journal Vol 3 (2019) http://www.purkh.com/index.php/mathlab

20.

21.

22.

23.

24.

O. Olteanu, Théorémes de prolongement d'opérateurs linéaires, Rev. Roumaine Math. Pures Appl., 28, 10
(1983), 953-983

O. Olteanu, Application des théoremes de prolongement d'opérateurs linéaires au probleme des
moments et a une généralisation d'un théoreme de Mazur-Orlicz, C. R. Acad. Sci Paris, Série |,
313(1991), 739-742

O. Olteanu, A strong separation theorem in normed linear spaces, Mathematica (Cluj), 35(58), 1 (1993),
59-63

O. Olteanu, New results on Markov moment problem, International Journal of Analysis, Vol. 2013, Article
ID 901318, pp. 1-17. http://dx.doi.org/10.1155/2013/901318

O. Olteanu, J.M. Mihaila, Extension and decomposition of linear operators dominated by continuous
increasing sublinear operators, U.P.B. Sci. Bull. Series A, 80, 3 (2018), 133-144

148


http://dx.doi.org/10.1155/2013/901318

