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Abstract

We extend the applicability of an efficient fifth order method for solving Banach space valued equations. To achieve this
we use weaker Lipschitz-type conditions in combination with our idea of the restricted convergence region. Numerical
examples are used to compare our results favorably to the ones in earlier works.
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Introduction
Fifth convergence order of a three step method for approximating a solution of the equation
Q(z) =0, (0.1)

where Q : D C Ey — Es is a continuously differentiable operator in the sense of Fréchet was proved in [22]. Here
E1, E5 are Banach spaces. The fifth order method in [22] was defined for n = 0,1,2,..., by

Yn Q/(xn)_lQ(xn)
Zn = Yn — Ql(xn)_lQ(yn)
Tny1 = 2Zp — Q/(yn)ilQ(zn)a (02)

where z( is an initial point.

The semi-local convergence analysis of method (0.2) was based on hypotheses reaching the second derivatives limit
the applicability of method (0.2) to functions @ that are at least twice differentiable on some domain containing the
solution z, of the equation Q(x) = 0.

The study of convergence of iterative algorithms is usually centered into two categories: semi-local and local
convergence analysis. The semi-local convergence is based on the information around an initial point, to obtain
conditions ensuring the convergence of these algorithms, while the local convergence is based on the information
around a solution to find estimates of the computed radii of the convergence balls. Local results are important since
they provide the degree of difficulty in choosing initial points.

Our local convergence analysis of method (0.2) is based only on the first derivative. This way we expand the
applicability of method (0.2). Furthermore, in [22] the initial guess xy should be close to x, for the convergence
of method (0.2). But, how close the initial guess should be for the convergence of method (0.2), for this we need
computable error bounds on the distances ||z, — x||. These concerns are addressed in what follows. Notice that the
convergence order of method (0.2) can be obtained by computing the computational order of convergence (COC) [1]
given by

Tpio—Tx
- ln(m) (0.3)

||wn+1fa:* H
In(Cpe =)

or the approximate computational order of convergence (ACOC) [1] given by
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|Znt2=Tnil
& = w (0.4)
11’1( ”zn+171n‘|) ’

[[zn—2n_1]|

that do not require high order derivatives. Notice also that £* does not even require the knowledge of the exact root
x.. Moreover, we present our semi-local convergence analysis that also compares favorably to the one given in [22].

The rest of the article is organized as follows: In Section 2, we present the local convergence analysis of method
(0.2). The semi-local convergence follows in Section 3. The numerical examples appear in Section 4.

1 Local convergence analysis

It is convenient for us to introduce some parameters and functions. Set I = [0,00). Let ug : I — I be a continuous
and increasing function with 19(0) = 0. Assume equation

po(t) =1 (1.1)

has at least one positive solution. We denote by pg the smallest such solution. Set Iy = [0, po). Let p: Iy — I and
w1 : I1 — I be continuous and increasing functions with p(0) = 0. Define functions a and a on the interval I; bt

((1—0)t)do
a(t) = —fo )
1 — po(t)
and
a(t) =al(t) — 1.
We have a(0) = —1 and a(t) — oo as t — p, . By the Intermediate value theorem equation @(t) = 0 has at least
one solution in (0, pg). Denote by 71 the smallest such solution. Assume equation
oa(t)t) = 1 (1.2)

has at least one positive solution. Denote by p; the smallest such solution. Set ps = min{pg, p1} and Iy = [0, p2).
Define functions b and b on the interval Is by

fo ((1 —0)a(t)t)do
1 — pola(t)t)

(uo(a(t)t) + uo(#)) fy 111 (Pa(t)t)do
(1 — po(a()0) (1 — juo(2))

b(t)

a(t)

and -

b(t) = b(t) —
We get b(0) = —1 and b(t) — oo as t —> p, . Denote by ry the smallest solution of equation b(t) = 0 in (0, pz).
Assume equation

po(b(t)t) =1 (1.3)

has at least one positive solution. Denote by ps the smallest such solution. Set p = min{ps, p3} and Is = [0, p). Define
functions ¢ and ¢ on the interval I3 by

Jo 1((1 = 6)b(t)t)do
1 - uo(b(t)t)

(o(b()t) + po(t)) [ pua (BB(£)t)d0
(L= po(b(t)t))(1 = po(a(t)t))

c(t) =

b(t)
and

&(t) = e(t) — 1.

We get ¢(0) = —1 and &(t) — oo as t — p~. Denote by r3 the smallest solution of equation ¢(¢) = 0 in (0, p).
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Define a radius of convergence r by

r=min{r;}, j =1,2,3. (1.4)

Then, we have for each ¢ € [0,7)
0 < po(t)<1 (1.5)
0 < pola(t)t) <1 (1.6)
0 < polb(ty) <1 (1.7)
0 < at)<1 (1.8)
0 < bt)<1 (1.9)

and

0<e(t) < 1. (1.10)

By S(z,d) we denote a ball in F; with center x € E; and of radius d > 0. Then, S(z,d) denotes its closure. We shall
rely on the conditions (A):

(al) F: D — E5 is a continuously differentiable operator in the sense of Fréchet and there exists z, € D such that
F(z.)=0and F'(z.)"! € L(F2, E1) ( the set of all bounded linear operators from Fs into E1).

(a2) There exists function g : I — I continuous and increasing with po(0) = 0 such that for each = € D
1F" ()" (F' (2) = F' (@) < po(llz = 2.])
Set Do = D N S(x, po), where pg is given in (1.1).

(a3) There exist functions p : Iy — I and py : Iy — I continuous and increasing with p(0) = 0 such that for each
z,y € Dg
1F" (22) = (F (y) = F' (@) < p(lly — =)

and
1F () 7 F ()| < (e = 2. ])).

(a4) S(x.,7) C D, po, p1, p3 given by (1.1), (1.2), (1.3) respectively exist, and 7 is defined in (1.4).
(ab) There exists 7 > r such that
1
/ 10(67)d0 < 1.
0
Set Dy = DN S(x,,7).

Next, we provide the local convergence analysis of method (0.2) using the preceding notation, and the conditions

(A).

THEOREM 1.1 Under the conditions (A), choose xg € S(xx,r)—{xs}. Then, yn, 2n, Tnt1 € S(Tx, ), im, o0 Ty =

Ty,
[yn — 2|l < alllzn — 2 |Dl|n — 2|l < |2 — 24| <17, (1.11)
2n — 2l < b(l2n — 2D l|2n — 2|l < 20 — 24| (1.12)

and
[Zn41 — 2ol < cll|zn — 2ol |20 — 2o|| < Nl2n — 24|, (1.13)

where functions a,b, ¢ are given previously and r is defined in (1.4). Moreover, the limit point x, is the unique solution

of equation F(x) =0 in the set Dy defined in (a5).
Proof. Let € S(z.,r) — {z.}. By (al), (a2), (1.4) and (1.5), we obtain

1P (2) " (F'(2) = F'(2)]) < pio(lz — 2ll) < o) < 1, (1.14)
so by the Banach perturbation Lemma [1-5], we get F'(z)~! € L(F2, Ey),

1
1= po(l|lz = 2.])

[F" ()" F ()| < (1.15)
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and yo, 29 are well defined. By method (0.2), substep one, we can write
Yo — Tu = Tg — Tx — F'(20) " F(x0). (1.16)

Using (1.4), (1.8), (a3), (1.15) and (1.16), we get in turn that

lyo — 2l < [IF'(z )*1F’($*)II
I / (24) "2 + 0(z0 — 24) — F'(20)dO(x0 — )|
) (1= 0) o — =
< 20~ 208y 0y
1= po([[wo — o]
= a(lzo — z«|)[lzo — 2«
< lzo — x|l < (1.17)

so (1.11) holds for n = 0 and yo € S(z«,r). We can write by (al) that
1
Flz) = F(z) — F(z.) = / F'lan + 0(z — 2.))d0(z — 2.). (1.18)
0
Then, by (a3) and (1.18), we get that

1
1F" (2.) " F ()| < / pa (0]l — . [)d6. (1.19)
0
We can write by the second substep of method (0.2) that
20— = (Yo -~ F'(y0) " F(y0))
+F' (o)~ (F'(wo0) — F'(y0)) F' (0) ™' F (10)- (1.20)
In view of (1.4), (1.6), (1.9), (1.15) (for = yg), (1.17), (1.19) (for x = y) and (1.20), we have in turn that

lz0 = 2ol < llyo — 2 = F'(yo) ™" Flyo) |
HIF (o) T F () N IF () = (F (w0) = F' ()|
HIF () THE (yo) = F' ()|
|| F' (o) T F' (@)1 F' () T F (o)
Jo #((1 = 0)llyo — .[))d6
1= po(llyo — )

(o(llyo = @.[1) + po(llz0 — @) Jy 1 (Bllyo — . |))d8
(1= po(llyo = 2D (L = po(llzo — 2[1))
< b(llwo — zulDllwo =zl < llwo — | <7, (1.21)

+ 1o — 2|

so (1.12) holds for n = 0 and 29 € S(x., 7). The point z; is well defined by the last substep of method (0.2) for n = 0
and (1.15) (for & = yo). Then, we can write

T — T = 20 — Tx — F'(20) " F(20) + F'(20) " (F'(y0) — F'(20))F'(y0) " F(20). (1.22)
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By, (1.4), (1.7), (1.10), (1.17), (1.21) and (1.22), we obtain in turn that

lzr —2ll = [I(z0 — 2« — F'(20) "' F(20))
+F'(20) " (F'(yo) — F'(20))F'(y0) " F(20) |

< 2o — 2w — F'(20) " F(20)]|

HIF (z0) T F (@) |1 (@)~ (F" (yo) = F' ()|

[ F () " H(F (20) = F' (@) INIF (o) " F' (@) |1 F' ()~ F(20) |
< [#A=0)llz0 — 2.[)db
- 1 — po(llzo — =)

(to(llz0 — . ]l) + po(llyo — . ]))) fy 11 (Bllz0 — 2.]))do T
(1= po(llzo = 2 [))(X = po(llyo — @) i

< cllzo = @al)llzo — 2|l < [Jwo — ]| < 7, (1.23)

so (1.13) holds for n = 0 and z7 € D(x.,r). Replace x,yo, 20,1 DY Tk, Yk, 2k, Tx+1 in the preceding estimates to
complete the induction for (1.11)—(1.13). It then follows from the estimate

st — 2| < Tllaw — .l 7 = e(llao — 2.]) € 0, 1) (1.24)

that limg_ oo Tk = T and zx11 € S(24, 7). Let G = fol F'(z. 4 0(x4 — x.))dO for some x,, € Dy with F(x,.) = 0.
Next, by (a2) and (a5), we have

1P (@)1 G - Pl < / o (O]0x — 2.]])d6

IN

1
/ 10(07)d0 < 1,
0

so G~ € L(E1, Ey). Finally, from the estimate 0 = F(24x) — F(24) = G(Tux — T4), We get T = Tys.

(|
REMARK 1.2 (a) In view of (a2), we can write
1F' () L F (@) = ([ F () TH(E () = F' () + F' ()]
< L [F () THE (2) = F' ()]
< 1 po(lle = z.]), (1.25)

so the second condition in (a3) can be dropped, and we choose 1 (t) =1+ po(t), with po(t) = Lot or uy(t) = 2,
since t € |0, L%)

2 Semi-local convergence analysis

The authors in [22] used the following standard conditions (C):

(c1) 1Q"(xo) ™"l < Bo

(€2) 11Q"(z0) ' Qo) <

(e3) lQ"(x)]| < M*

(c4) |Q"(z) — Q") < wi(]|lz — y|), z,y € Q, where function w!(z),> > 0, is continuous nondecreasing, with

w'(0) > 0 such that w!(sz) < s*w!(x) for s € [0,1], = € (0,00) and ¢ € [0, 1].

Let 7} = M'Bond, s§ = Bondw(ng) and define sequences {r1}, {sL} and {nl} for n =0,1,2,..., by

rhar = Tt (rh)?t(rh ), (2.1)
Shpr = S (rh) Tt (), sh)T, (2.2)
M1 = et (rh)Y(rk, sh),
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where
1 B 1
@ (u) 1—ug'(u)’ 24
U u? u
and
1 u? u v [ utt 1 u? w )
Y (u,v) = 2(1—u)(1+ 4) T+ (21+A + 24\ (2(1u)(1+4>> >
U u? u
+2(u+2(1—u)(1+4))] (29

Using the conditions (C), they showed the following semi-local result for method (0.2).

THEOREM 2.1 Under the conditions (C) further suppose r§ < v and S(z¢, R'n3) C D, where R! = 2 00) e

17,\{161 bl
(0,1) and §' = ﬁ Then, yn,zn,xnﬂ € S(xo, R'n}); there exists x. € S(xo, R'ng) which is the only solution of
equation F(z) =0 in St = S(zo, Ml — Rn})N D, and
1 (4+3)i£>\_1
oo — ol < gAY O )

I HCOICEE

where vl is the smallest positive root of equation h'(t) = g*(t)t — 1.

Next, we present our improvements using conditions (H):

=(c1)

=(c2)

(h1)
(h2)
(h9) 1|Q'(x) — Q' (x0)|| < L[|z — a|| for each = € D. Set Dy = D N S(a,
(h3)
(h4)

h2
worm)
h3) [|Q"(x)| < MY for each x € D».

h4) [|Q"(z ) Q" (y)|| < w°(||x — yl|) for each z,y € Do, where function w®(x),z > 0 is continuous, non-decreasing

with w?(0) > 0 such that w’(sz) < s*w’(z), for s € [0,1],2 € (0,00) and A € [0, 1].

Let r) = M°Bond, 8§ = Bondw(ng) and define sequences {0}, {s%} and {n0} for n =0,1,2,..., by

roer = g’ (r)? 0, s0), (2.8)
Spy1 = ntﬂ O(rp)> A0 (), sh) A, :
772,+1 = 77n90 (Tn)“/JO( n’ n)? (210)
where
0(y) — 1
¢ (u) T ug'(a)’ (2.11)
U u? m
and
u? u v ulth 1 u? u '
Pluw) = a0+ 175 (21+A 21 A (2(1 —o 4>> >
U u? m
+ 2(u+2(1_u)(1+4))]. (2.13)
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REMARK 2.2 It follows from the conditions (C) and (H) that

L’ < M° < MY, (2.14)
and
w’(t) < w'(t), (2.15)
since Doy C D. Moreover, by (2.14) the estimate
ooy —1 3o
1Q'(z) 7| < T A 1ol (2.16)
is used in [22] instead of the more precise
10y —1 8o
1Q"(@) Il < 1= Aol — a0l (2.17)

used by us. Notice that condition (h3) is used to help us define Dy, and consequently M° w® which are M° =
MOY(L° Dy) and w® = w°(L°, Ds). By replacing M*,w* by M°,w° in the proof of Theorem 2.1, we obtain the improved
VErsion.

THEOREM 2.3 Under the conditions (H) further suppose r§ < v° and S(zo, R°n}) C D, where R® = 19_0(77’;%)0, ~0 ¢

(0,1) and 6° = m. Then, Yn, Zn, Tni1 € S(xo, ROnQ); there exists x. € S(wo, R°n}) which is the only solution of
0
equation F(z) =0 in S® = S(zo, M+/30 — R'n4)N D, and

()
2
[2n — 24l < 90(78)(50)kwn(§ (2.18)
where v° is the smallest positive root of equation h°(t) = ¢°(t)t — 1.
O

REMARK 2.4 It follows from (2.14), (2.15) that the new functions and parameters are tighter than the functions
and parameters in [22]. In particular, we have

o o, 2.19
s9 505 2.20
r0 r 2.21
9 sk 2.22
n ! 2.23

AS)
[=]
—~~

~

o~

is)
=)

U

>
(=}
=
(AN VAN VAN VAN VAN VAN VANSN VANRR VANRI VAN
=
3

<

~
=
~+
N

o N~ N

and
St csO. (2.29)

The estimates (2.19)-(2.29) can be strict if (2.14) or (2.15) hold as strict inequalities. Notice also that the new
constants and functions are special cases of the old ones. Therefore, the improved results are obtained without additional
conditions. Hence, we have expanded the applicability of method (0.2) in the semi-local convergence case and also have
justified the improvements as stated in the introduction of this article. Our technique can be used to erpand the
applicability of other iterative methods along the same lines [1-23].
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3 Numerical examples

EXAMPLE 3.1 Let E; = B, =R3, D=U(0,1),2* = (0,0,0)” and define Q on D by

e—1
Q({E) = Q(xhx% $3) = (exl -1, {E22 + x27x3)T~ (3].)
For the points u = (u1,us2,u3)’, the Fréchet derivative is given by
e 0 0
Q' (u) = 0 (e—Dux+1 0
0 0 1

Using the norm of the mazimum of the rows and (c2)-(c4) and since Q'(x*) = diag(1,1,1), we can define functions
for method (0.2) by po(t) = (e — 1)t, u(t) = eefllt,ul(t) = ee 1. Then,

r1 = 0.388692, ro = 0.254177,r3 = 0.223778 = r.
EXAMPLE 3.2 Let Ey = Ey = C[0,1], the space of continuous functions defined on [0,1] and be equipped with the
maz norm. Let D = U(0,1). Define function @ on D by
1
Qo)) = @) =5 [ a0p(6)'as. (32)
We have that .
Q' ((€))(z) = &(z) — 15/ 20p(0)%€(0)do, for each ¢ € D.
0
Then, we get that x* = 0, ug(t) = 7.5t, u(t) = 15¢, u1(t) = 1 + po(t) and §(t) = 15. Then

r1 = 0.066667, 72 = 0.0499893, r3 = 0.04639 = r.

EXAMPLE 3.3 Let Ey = E; =R, D = [-32,2]. Define Q on D by
Q(z) = 2*logx? + 2° — 2*

Then
Q'(z) = 32z%log 22 + 5z — 423 + 222,

Then, we get that po(t) = p(t) = 96.6629073t and puq(t) =1+ po(t). then

r1 = 0.00689682, r5 = 0.00500794, r3 = 0.00458943 = r.
EXAMPLE 3.4 Let E1 = E; = C[0,1],D = U(z*,1) and consider the nonlinear integral equation of the mized
Hammerstein-type [1-3, 5, 11] defined by

1 T 2
z(s) :/0 G(s,t)(x(t)/? + %)dt,

where the kernel G is the Green’s function defined on the interval [0,1] x [0, 1] by

(I—s)t, t<s
G(S’t):{ s(1—1t), s<t.

The solution x*(s) = 0 is the same as the solution of equation (0.1), where @ : C[0,1] — C0,1]) is defined by

Q(2)(s) = a(s) —/0 Gls, 1) (x(t)2 + %ﬂz)dt.
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Notice that

| =

I [ Gt nar <
Then, we have that
! =y(s) — 1 s §x V2 4 g
Q@(s) = y(s) = [ Gla.O (G0 +a(t)i.
so since F'(z*(s)) =1,

IF" (")~ (F' (@) = F' @)l < (G llz =y + e = yl).

N W

(

Then, we get that puo(t) = pu(t) = (3612 + 1) and p(t) = 1+ po(t). Then

| —

1 = 2.6303, 79 = 1.6184, 75 = 1,2024
sor=1.
EXAMPLE 3.5 Let Ey = B> =R, D = U(z,1 - &), 20 = 1 and £ € [0, 3). Define function Q on D by

Qla) = 2* - ¢.

Then, we get By = £,mf = 3(1 = &), M"' =3, w'(t) =6, A =0, L =3(3 - &), M° = & < M*', wO(t) = 6, and Dy is
a strict subset of D.
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