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Abstract

One recalls the relationship between the Markov moment problem and extension of linear functionals (or
operators), with two constraints. One states necessary and sufficient conditions for the existence of solutions of
some abstract vector-valued Markov moment problems, by means of a general Hahn-Banach principle. The
classical moment problem is discussed as a particular important case. This is the first aim of this review article
(see sections 1 and 2). Secondly short subsection (namely subsection 3.1) is devoted to applications of
polynomial approximation in studying the existence and uniqueness of the solutions for two types of Markov
moment problems. We use these general type results in studying related problems which involve concrete
spaces of functions and self-adjoint operators (subsection 3.2). This is the third purpose of the paper. Sometimes,
the uniqueness of the solution follows too. Most of our solutions are operator-valued or function-valued. The
methods follow from the corresponding proofs or via references citations. All the results have been previously
published (see the references mentioned in the beginning of each subsection or before the statements of the
theorems).
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1 Introduction

We recall the classical formulation of the moment problem, under the terms of T. Stieltjes, given in 1894-1895
(see the basic book of N.I. Akhiezer [1] for details): find the repartition of the positive mass on the nonnegative
semi-axis, if the moments of arbitrary orders k (k =0,1,2,K ) are given. Precisely, in the Stieltjes moment problem,
a sequence of real numbers (Si)k>p is given and one looks for a nondecreasing real function o (t) (t>0), which

verifies the moment conditions:
®_k
Io tXdo=s,  (k=012,K)

This is a one dimensional moment problem, on an unbounded interval. Namely, is an interpolation problem with
the constraint on the positivity of the measure do. The numbers s;, k € N are called the moments of the
measure do. Existence, uniqueness and construction of the solution o are studied. The present work concerns
firstly the existence problem. The connection with the positive polynomials and extensions of linear positive
functional and operators is quite clear. Namely, if one denotes by ¢;,¢;(t) = t/,j € N, t € [0, ), P the vector
space of polynomials with real coefficients and Fy: P - R, FO(ZJ-EI0 aj(pj) = Y jej, @;S;, Where Jo € N is a finite
subset, then the moment conditions Fo(qoj) =sj,j € N are obviously verified. It remains to check whether the
linear form F, has nonnegative values at nonnegative polynomials. If the latter condition is also accomplished,
one looks for the existence of a linear positive extension F of F, to a larger ordered function space X which
contains both P and the space of continuous compactly supported functions, then representing F by means of
a positive regular Borel measure p on [0, ), via Riesz representation theorem [2]. To see applications and
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proofs of such an extension result for linear functionals or operators, we refer to [1], [3]-[6]. Alternatively one
can apply directly Haviland theorem [7] (see the next section). For more general extension type results for linear
operators, giving necessary and sufficient conditions, see [8], [9], [10]. To obtain the function ¢ by means of the
measure ¢ mentioned above one can define a(t) := u([0,t]),t € [0, ). If an interval (for example [a, b], R, or
[0,0)) is replaced by a closed subset of R™,n > 2, we have a multidimensional moment problem. The case of
multidimensional moment problem on compact semi-algebraic subsets in R™ was intensively studied. Observe
that any compact is contained in a semi-algebraic compact in R™. The analytic form of positive polynomials on
special closed finite dimensional subsets is crucial in solving classical moment problems on such subsets (see
subsection 3.1). In case of Markov moment problem, approximation of nonnegative compactly supported
continuous functions (with their support contained in a closed subset) by special nonnegative polynomials on
that subset, having known analytic form is very important. Details and other aspects of the moment problem
can be found in [11]-[32]. Connections of the moment problem with operator theory appear in [4], [16], [18],
[19], [20]. Uniqueness of the solution is discussed in [30], [31], [32]. The rest of this work is organized as follows.
Section 2 is devoted to general extension Hahn Banach type results for linear operators acting between abstract
spaces. Necessary and sufficient or only sufficient conditions for the existence of a solution of some moment
problems are recalled. Section 3 contains various applications to spaces of functions or/and operators. In some
cases, the uniqueness of the solution follows from the proof of its existence. In subsection 3.1 polynomial
approximations on unbounded subsets are applied, completing the review paper [6]. Some of the results in this
subsection are new (such as Theorem 3.1.7). Section 4 concludes the paper.

2 Extension of linear operators, the abstract Markov moment problem and Mazur-Orlicz theorem
(general-type results)

The main problem was to find necessary and sufficient conditions for the existence of a solution of the
interpolation problem, preserving sandwich conditions. In this general case, the operators involved in the

(convex and respectively concave) constraints are defined on arbitrary convex subsets. Throughout this first part
of this section, X will be a real vector space, Y an order-complete vector lattice, A, B < X convex subsets,

W:A — Y a concave operator, T: B —» Y a convex operator, S c X a vector subspace, f:S — Ya linear operator.
All vector spaces and linear operators are considered over the real field.

Theorem 2.1 (see [8], [9]). Assume that
flst AZWist A. flstB=<Tls1B-
The following statements are equivalent:
(a) there exists a linear extension F:X —Y of the operator f such that F|, = W,F|g <T;

(b) there exists T : A—Y convex and W1 : B —Y concave operator such that for all

(p,t,ﬂ,',a]_,a',b_|_,b',v)e[0,1]2 ><(O,oo)><A2 x 82 xS,

one has

(L-tag —thy =v + A [(L- pa—pb] =
(- 0Tz (ag)—tWy (by) > £ (v) + A TA— PW (@) - pT (B)].

Thus in the last relation, we have a convex operator in the left hand side, and a concave operator in the right
hand side. The following result related to the theorem of H. Bauer follows.
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Theorem 2.2 (see [8], [9]). Let X be a preordered vector space with its positive cone X, Y an order complete
vector lattice, T: X —Y a convex operator, S < X a vector subspace, f:S—Y a linear positive operator. The
following assertions are equivalent

(a) there exists a linear positive extension F:X —Y of f such that F(x) <T(x), Vxe X,
(b) f(s)<T(X)forall (s,x)eSx X such that s < x.
Now we can deduce the main results on the abstract moment problem.

Theorem 2.3 (see [10]). Let X,Y,T:X =Y be as in Theorem 3.1.2,{Xj}jcs = X, {y;}

The following assertions are equivalent

c Y given families.

(@) there exists a linear positive operator F: X —Y such that

F(xj)=yjVied, F()<T(X)VxeX;

(b) for any finite subset Jo —J and any {Aj}jcsy =R. we have

Z ﬂ’jxj <X=> Z /’i’JyJ ST(X)

j<Jo iedo

In the classical real moment problem, X is a space of functions containing the polynomials and the compactly
supported continuous functions, defined on a closed subset A in R", while x;(t) = the it = (ty, ., ty) €
Ajj= (- jn) ENL,nEN,n>1Y =R. A clearer sandwich-moment problem variant is the following one.

Theorem 2.4 (see [10]). Let X be an ordered vector space, Y an order complete vector lattice,
{xj }jeJ c X, {yj }J.EJ cY given families and Fy,F, € L(X,Y) two linear operators. The following statements are

equivalent

(a)there is a linear operator F e L(X,Y) such that
F(x)<F(X)<Fp(x)vxe X, Flxj)=y; Vied;

(b)for any finite subset Jo — J and any {ij }jeJo c R, we have

Zﬂjxj =Y —yL YLy e X, |= Zﬂjyj <Fop)-Filvr)
jedo iedo

The next result of this subsection is an earlier extension result, sometimes called Lemma of the majorizing
subspace, for positive linear operators on subspaces in ordered vector spaces (X, X, ), for which the positive
cone X, is generating (X = X, — X,). Recall that in such an ordered vector space X, a vector subspace S is called
a majorizing subspace if for any x € X, there exists s € S such that x < s.

Theorem 2.5. Let X be an ordered vector space whose positive cone is generating, S € X a majorizing vector

subspace, Y an order complete vector lattice, Fy:S — Y a linear positive operator. Then F, has a linear positive
extension F: X — Y at least.
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Theorem 2.5 was proved or/and applied in [1], [3], [4], [5], [6], [25].

Theorem 2.6. (EK. Haviland; see [7]). Let A c R" and L: P := R[t = (ty, ..., t,)] = R be a linear form. Then L is
given by a positive Borel measure p on A (ie. L(p) = fA pdu for allp € P) if and only if L(p) =0 for all
nonnegative pon A: (p(t) =0,vt € A= L(p) =0).

The next result is a variant of Mazur-Orlicz theorem.

Theorem 2.7. (see [10]). Let X be an ordered vector space, Y an order complete vector lattice, {x]-}je], {y,-}jel
arbitrary families in X, respectively in Y and T:X —» Y a sublinear operator. The following statements are
equivalent
(@) 3F € L(X,Y) such that F(x;) = y;,¥j € ],F(x) = 0,¥x € X, F(x) <T(x),Vx € X;
(b) for any finite subset ], c J and any {Aj}jej c R, 4 = 0,Vj € J,, we have
0
z/ljijxeX:z/ljyj <T(x)

J€Jo J€Jo

The last result of this section states a sufficient condition for the existence of some constrained extensions. It
has an interesting geometric meaning.

Theorem 2.8 (see [9]). Let X be a locally convex space, Y an order complete vector lattice with strong order unit
up and S < X a vector subspace. Let Ac X be a convex subset with the following properties

(a) there exists a neighborhood V' of the origin such that (S+V)I A=

(A and S are distanced);

(b) A is bounded.
Then for any equicontinuous family of linear operators {f j }je = L(S,Y) and for any y eV, \{0}, there exists an
equicontinuous family {Fj }jeJ < L(X,Y) such that

Fi(s)=fj(s)seS, and Fjly)>V,weA jel.
Moreover, if V is a neighborhood of the origin such that
f,(VIS)c[-ug.up] (S+V)I A=

and if a >0 is such that py(a)<a Vae A, while a; >0 is large enough such that § < equq, then the following
relations hold

Fj(x)s(1+a+al)pv(x)-uo, xeX, jel.

3 Markov moment problem and Mazur-Orlicz theorem on concrete spaces

3.1 Approximation and Markov moment problem (results and methods of proving them)
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Next we complete some results from [6] (see also the references therein). The present section is mainly based
on the articles [6], [22], [23], [25], [26], [27].

Lemma 3.1.1. Let Ac R" be a closed unbounded subset and v a positive reqular M — determinate Borel
measure on A, with finite moments of all orders. Then for any w <(Cq(A)),, there is a sequence (py,).,, of

polynomials on A, py =y, pm —w in LL(A). We have

Iim.[ Ppdv = Il//dV,
A A

the cone P, of positive polynomials is dense in (L},(A))+ and P is dense in L},(A)

Recall that a determinate (M—determinate) measure is uniquely determinate by its moments, or, equivalently,
by its values on polynomials. The following statement holds for any closed unbounded subset A c R", hence
does not depend on the form of positive polynomials on A. One denotes ¢;(t) = t{l ~-t,{",j = (1, e, jn) €
Nt = (t;,..,t,) € A.

Theorem 3.1.1. Let A be a closed unbounded subset of R", Y an order complete Banach lattice, (yj) agiven

jENT
sequence in Y, v a positive reqgular M —determinate Borel measure on A, with finite moments of all orders. Let F, €
B(LY(A4),Y) be a linear positive bounded operator from L, (A) to Y. The following statements are equivalent:

(a)there exists a unique linear operator F € B(LL(A),Y) such that F((pj) = y;,j € N", F isbetween 0 and F, on the
positive cone of L1 (A), and ||F|| < ||F,];

(b) for any finite subset |, ¢ N™, and any {aj}je] c R, we have
0

Yier@®j 200nA = 0<Ye) ;y; < jej, @ Fa( ;).

Proof. Let F, be the linear operator defined on the subspace of polynomials, such that the moment conditions
to be accomplished.Then condition (b) says that for any polynomial p which is nonnegative on 4, we have

0 < Fo(p) < F,(p) (1)

Hence the implication (a)=>(b) is obvious. In order to prove the converse, one applies lemma 3.1.1. Let i be a
continuous nonnegative compactly supported function on 4, and (p,,),, @ sequence of polynomials given by
Lemma 3.1.1. Then all polynomials p,,, m € N are nonnegative on A4, so that they verify (1). On the other hand,
there exists a linear positive extension Fof F, to the space of all functions in L} (4) whose absolute values are
dominated by a polynomial. This space contains the subspace of continuous compactly supported functions
and the polynomials. Observe also that for any linear positive continuous functional y* on Y,y* o F can be
represented by means of a positive Borel measure on A, which Fatou lemma works for. Using (1), one deduces

y*(F@)) < liminfy*(F(pn)) < limy* (Fy(pw)) = y* (F,@)) )

Assume that F,(y) — F(i) ¢ Y,. Using a separation argument, it should exist a linear positive continuous
functional y* on Y, such that y*(F,(¥)) — F(»)) < 0, that is

v (F@) < y*(F@)).
This contradicts (2), so that we must have

0 < F() < K@), v € (C:(4)),.
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If ¢ is an arbitrary continuous compactly supported function, then
IF(p)l < F(leD) < (oD
Since the norm on Y is solid, the last inequalities imply
IF@I < IF,(IeDIl < IF1l - llelly, Yo € C.(4)

Hence ||F|| is dominated by ||F,|| on a dense subspace of L} (4). Now the bounded positive linear operator F,
having the norm-property mentioned above, has a unique extension to the whole space L%, (4), preserving its
properties. This concludes the proof.

Next, we give the “scalar version” of Theorem 3.1.1.

Theorem 3.1.2. Let A,v be as in Theorem 3.1.1, and (yf)jeN" a multi-sequence of real numbers.

The following statements are equivalent:
(a)there exists a unique h € L',(A),0 <h <1 a.e on A, suchthat [, ¢;-hdv =y, j € N";

(b)for any finite subset J, c N", and any {aj}jejo c R, we have

Yiern @@ Z00nA=0<Ye) ay <Xjej & J, @jdv.

Note that for particular sets 4, for which the form of positive polynomials on A in terms of sums of squares is
known, one can give a characterization in terms of “computable’ quadratic forms or mappings. For example, if
n = 1,4 = [0, ), using the form of positive polynomials on [0, ) [1]:

p(t) = 0,Vt € [0,00) & p(t) = pf(t) + tp3(t), vt € [0,0), where p;, € R[t], k = 1,2
one obtains:

Theorem 3.1.3. Let v be as in Theorem 3.1.1 on A := [0,),Y, (y;) . y F2 be as in Theorem 3.1.1. The following

j€
statements are equivalent

(a) there exists a unique linear operator F € B(L1([0, »)),Y) such that F(¢;) = v;,j € N,F is between 0 and
F, on the positive cone of L1,(([0,0)), and ||F|| < ||F,ll, where ;(t) =/, j EN,t > 0

(b) for any finite subset |, c N, and any {Aj}jel c R, we have
0

0< 2 A AjYivjar < Z LAFy(@irjei) K € {0,13

i,j€Jo i,j€Jo

Next one applies a quite similar result, but for a concrete operator valued moment problem, replacing L ([0, ))
by X = Cr(c(4)), where a(A) c [0,) is the spectrum of a fixed positive self-adjoint operator 4 acting on a
complex (or real) Hilbert space H. So, X is the space of all real continuous functions on a(4). Let A be the real
vector space of self-adjoint operators from H to itself. Then A is an ordered vector space, endowed with the
order relation defined by

UsVe<Uh),h><<Vh),h>VheHUVeEA
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Unfortunately, for arbitrary U,V € A, the supremum sup{U,V} = U VvV or/and the infimum inf{U,V} =UAV
might not exist in A. To avoid the fact that A is not a vector lattice, as well as the non commutativeness of
multiplication of elements from A, for any A € A one uses the construction of the following space Y = Y (4).

Theorem 3.1.4. (see [5]). Let A€ A, Y, ={U € A; AU =UA}LY =Y(A) ={VeY;VU=UV,vU €Y,}. ThenY is
a commutative (real) Banach algebra and an order-complete Banach lattice, where

V] = sup{V,-V} =V VWV EY
(IV| is equal to the positive square root of the positive self-adjoint operator V?).

Theorem 3.1.4 allows applying Hahn Banach extension type results of section 2 for linear operators taking values
inY =Y(4). Let g € X = Cg(a(A4)); one denotes ||¢|l., the sup-norm of ¢ in the space X, while ||-|| will be the
operatorial norm on Y. As before, one denotes ¢;(t) = t/,j € N, ¢ € [0, ).

Lemma 3.1.2. Let y:[0,00) > R, be a continuous function, such that lim w(t) e Ry exists. Then there is a
t—o0

decreasing sequence (h)| in the linear hull of the functions
ok (1) =exp (-kt), keN, t>0,

such that hy(t) > (t), t>0, leN, limh; = uniformly on [0,0) . There exists a sequence of polynomial
functions (8))ien, D1 = hy > W, lim p; = Y, uniformly on compact subsets of [0, ).

The idea of the proof is to add the o point and to apply the Stone-Weierstrass Theorem to the subalgebra
generated by the functions exp (-mt), me Z_ . Then one uses for each such exp — function suitable majorizing

or minorizing polynomials, as well as the elementary equality

s? sm

s _exp(s) (s m
EXp(S)_[1+i+E+A +WJ_TJ‘O exp(-t)-t"dt, meN,seR

Using the notations preceding Lemma 3.1.2, we prove the following theorem.

Theorem 3.1.5. Let A, X,Y = Y (A) be as above, (U,)»¢ be a sequence of operators in Y. The following statements
are equivalent

(@) there exists a unique linear bounded operator F: X — Y such that the moment interpolation conditions
F(@,) = U,,n € N are verified and 0 < F(y) < Y(A),VyY € X, [IFI| < 1;

(b) for any finite subset J, c N and any {A- ;J € ]0} C R, the following implication holds true
Zajtf >0,Vtec(4)=>0< ZA,.U,. < Z A A7
j€Jo J€Jo J€Jo
(c) for any finite subset J, c N and any {A';j € ]0} C R, the following relations hold
0< Z A AUy < Z A LA | € (0,1}
i.j€Jo i,j€Jo

Proof. Observe that the implications (a) = (b), (a) = (c) are obvious, due to the properties of F. The next idea
is to extend relations from (b) and (c) on nonnegative polynomials to arbitrary nonnegative functions from X,
by means of a passing to the limit process. Namely, to prove the converses (b)=(a), (c)=(a), denote by P the
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vector space of polynomials with real coefficients, P, the convex cone of all polynomials which are nonnegative
on a(A) and by P, the convex cone of polynomials which are nonnegative on the whole interval [0, ©). Define
the linear operator Fy: P —» Y by

J€Jo J€Jo
where J, € N is an arbitrary finite subset. Than (b) can be written as
0<Fy(p)<p(A),peEPr 3)

so that, in particular, F, is a linear positive operator from P to Y. It has a linear positive extension F: X — Y, since
each element from X is bounded above by a constant, so that one can apply Theorem 2.5 from above. Obviously,
F verifies the interpolation moment conditions, because of

F(p;) = Fo(9;) = Uj,j €N

It remains to prove that F(y) < ¥ (4),vy € X,,||F|| < 1. Let ¢ € X,. Then there exists a sequence (P)mso Of
polynomials such that limp,, =y in X, i. e.
m

lpm = ¥l = 0

Since the convergence is uniform on ¢(4), one can assume that p,,, = (= 0) in X for all m, so that p,, € P,,m €
N. These comments imply

1Pm(A) = YAl = sup o ((pm — PI(A)) = sup(pp = P)(0(4)) = lIpm = Yl = 0

Consequently, lim p,,(A) = Y(A4). As in the proof of Theorem 3.1.1, from (3) written for all p,,, m € N, it results
m
(passing to the limit): F(y) < ¢ (4), Vi € X,. This further yield

IF(@)] < lol(A), ¢ € X
Since the norm on Y is solid (Y is a Banach lattice), it results
IF @I < el = lllellle = ll@lle, Yo € X = |IF|l <1

In particular, ||Upll = IIF (@)l < ll@olle = 1. The proof of (b) = (a) is complete. To prove (c¢) = (a), recall that
p € P, if and only if there exist polynomials p;, p, with real coefficients such that

n p
p(O) = PR + P3O = ) At + ) gt EER,
i,j=0 k,1=0

where p;(t) = Y7o 4; t/,p,(t) = Z:o a,tk. It follows that the relations of point (c) can be written as those from
(3), but only forp € P,,. Let ¥ € X,. Then there exists a nonnegative compactly supported extension 1 of ),
such that ¢ is continuous on [0, ®), suppp(P) < [0, ).

Applying Lemma 3.1.2, there exists a sequence (P,,)ms=o Of polynomial functions, with

P > P,m = 0,limp,, =1 = 0,
m

the convergence being uniform on compact subsets in [0, ). In particular, p,, € P, for all m € N, so that for F
as above it results
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0 < F(py) < pm(4),YmeN

by hypothesis (c), also using the form of nonnegative polynomials on [0, %) in terms of a sum of square of a
polynomial and another square of polynomial multiplied by ¢,(t) =t. Using the uniform convergence
lim p,, =1 on the compact o(4) and the fact that ¥ (t) = ¥(t), Vt € a(A4), we derive

1P = WD = pm = lleo = [lpm = |, > 0= limpy, (4) = (A)

Repeating the passing to the limit process discussed in the proof of Theorem 3.1.1, one obtains

F@) <Ay e X,

Now the last assertion ||F|| < 1 is a consequence of the preceding one, as discussed at (b)=(a). This concludes
the proof. O

As we have observed above, the analytic form of positive polynomial on an arbitrary closed subset A c R" is
not known. If A is a particular subset for which the form of positive polynomials over A4 is known in terms of
sums of squares, then Markov moment problem on A can be solved in terms of quadratic mappings (or products
of quadratic mappings). This is the case of a strip A c R?, as claimed in the next theorem.

Theorem 3.1.6. (M. Marshall [12]). Suppose that p(t,,t,) € R[ty, t,] is non — negative on the strip A = [0,1] X R.
Then p(ty,t,) is expressible as

p(ty,ty) = o(ty, ty) + (6, )t (1 — &),
where o(tq,t,), T(ty,t,) are sums of squares in R[¢ty, t,].

Let A =[0,1] X R, v a positive M — determinate regular Borel measure on 4, with finite moments of all orders,

X:=L5(A), 9;(ty, ;) = t]'t],j = (jy, ) € N, (ty,t,) € A. Let Y be on order complete Banach lattice, (yj)jeN2 a

sequence of given elements in Y. The following result seems to be new. It is a consequence of Lemma 3.1.1 and
Theorems 3.1.1, 3.1.6.

Theorem 3.1.7. Let F, € B, (X,Y) be a linear bounded positive operator from X to Y. The following statements are
equivalent:

(@) there exists a unique bounded linear operator F: X —Y, such that
: 2
F(go]): yJ,Vj e N°,
F is between zero and F, on the positive cone of X, |F| <||F,;

(b) for any finite subset J,cN?, and any {4;;j € J,} € R, we have

0< 2 Aidi Yivj < Z A By (@14 );

i,j€Jo iL,j€Jo

0= Z Aidj (yi1+j1+1,i2+j2 _yi1+j1+2,i2+j2) <
i,j€Jo

Z AiA; (Fz(<Pi1+j1+1,i2+j2 - ‘pi1+j1+2,i2+j2)):i = (i1, 12),J = (uJj2) € o

i.j€Jo
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Proof. Theorem 3.1.6 shows that the condition at point (b) of the present theorem is equivalent to (1), written
for P, = P,.(A), where F, is the linear operator defined on the space P of all polynomial functions, such that the
moment conditions Fy(¢;) = y;,j € N? be accomplished. The conclusion follows via Theorem 3.1.1.

3.2 Applications of extension theorems for linear operator to concrete spaces (results and methods of
proving them)

The purpose of this section is to show how the results of section 2 can be applied to concrete function and/or

operator spaces. We follow the results from [28], [29]. The next proposition is an application of Theorem 2.7 to
the space X of power series in the disc |Z| <r, continuous up to the boundary, with real coefficients. The order

relation is given by the coefficients: we write

z/inzn T Zynzn <:>(/1n <¥n, VN eN).
neN neN

Denote ¢n(z)=2",neN,|7<r. Let Y be the space defined in Theorem 3.1.4, (B,),_y a sequence in Y, and
U eY such that |U | <r.

Proposition 3.2.1. Consider the following statements
(@) there exists a linear positive bounded operator F e L, (X,Y), such that

F(gon)z Bh,neN, |F(l//) S”w”oo r(rl —U)_l, VyeX,

IFI < ——
r—Ull
(b) the following relations hold
0<B,<U", neN;
(c) the following inequalities hold
B, <r"(r—-u)?, neN.

Then (b)= (a)= (c).

Proof. (b)= (a). One applies theorem 2.7, (b) implies (a), to Xj=9¢j, jeN. If

zﬁﬁ”j sy= Zaﬂan’ AjeR,
jedo neN

then the hypothesis, Cauchy inequalities and the above relation yield
0<2jBj<Ajul <|a;ul, jeN=

DICLIEDIWIIEEE Z%Un -

jedo jedo neN T

ol (1) =r(1-0) e, =T0)=TC )

100



The MathLAB Journal Vol 2 No 1 (2019) http.//www.purkh.com/index.php/mathlab

Hence, the implication of (b), Theorem 2.7 is accomplished and an application of the latter theorem leads to the
existence of a linear positive operator F applying X into Y, with the properties stated at point (a):

F(¢n) 2 Byun €N, [F(@)| < r(r1-U) g, peX.

Since the norm on Y is solid, we infer that
IF@I <A =U/D)7H - llellw ¢ € X

In particular, the following evaluation for the norm of F holds

[ee]

U‘n.
27

n=0

o n
Ul r
< =
rmr—|U]

n=

IFIl <

On the other hand, (a)= (c) is obvious, because of:

By =F(on)<|len] r(r1 -U) " =" (r1-u)™,
also using ¢, € X, forall neN. The conclusion follows. o

Theorem 3.2.1. Let X =L}(M)v>0 and (#n),en @ sequence of positive functions in X, such that

qundv =LvneN. Llet Y=L5(Q) x>0(yn)y a sequence of positive functions in Y. Then
M
SUPnex |Yn|| = b <o if and only if there is a linear positive operator F e L(X,Y) such that

Flpn)=lyal ne N, [Fl)<b-| [ldv |- 2, ¥w e X,
M

Proof. For the “only if" part, let Jo =N be a finite subset, {/1]- }jeJo c R, be such that Zﬂjgoj <y in X.

i=do
Hypothesis on the functions ¢,,neN and integration in the relation Z/lj(pj <y yield
i€do
Zﬂj = Zﬂj Igojdvﬁ Il/ldV:>
iedo iedo ™ M
2 Ailyil =] 24yl ze S[fv’dv]‘b‘lﬂ <
jedo jedo M
“ledV}b-m =T(y)=T(w)weX
M

Application of theorem 2.7 leads to the existence of a linear positive operator F e L(X,Y) with the following
properties

Flen)=lyal ne N, [F)<b-| [lldv |- 2, ¥w e X,
M
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In particular, one has ||F||£b. Next, we prove the "if" part. Assume that |yn|£ F(p,) neN and F has the

qualities in the statement, then, because the norm on Y is solid, we derive

||yn||s||F<¢n)||sb[ j%dv}b, ven

M

This concludes the proof. m

Theorem 3.2. 2.. Let X,Y, (@), (Yn), be asin Theorem 3.2.1, and 0 <b < o.; consider the following

statements

(@) there exists a linear positive operator F e L(X,Y) such that

F(¢) ):yn, neN,|F(q))£b- I|¢|dv«zg,¢ex,||F||Sb;
M

(b) for any finite subset Jo = N and any {/Ij } c R, the following relation holds

i€do
2l sl <0 24
jedo jedo

Then (b)= (a)

Proof. We apply Theorem 2.4, (b) implies (a). If Z/?,j(pj =y, —wq, Where vy, € X, then the following

iedo

implications hold

- It//ldvﬁ le ijdv= Z/Ij < It//de:>
M

jedo ™ jedo M
zﬁj < j'//z + le = J.l//zdv—[— J.‘//ld‘/}
iedo M M M M

Now the hypothesis (b) yields

DAyl Ayl xas| 2 lyill | za <

i€do i€do i€do

0

<b- z/lj Xao <b J.l//ZdV‘ZQ_[_J“//ldV'ZQ} =

iedo M M

Faly2)-Fulwr), FZ(W)::b_[W dv-yq, Fi=-F
M

Application of theorem 2.4 leads to the existence of a linear operator F e L(X,Y) such that
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Flgn)=Yn.neN, Fl(W):_bIWdV'ZQ <F(y)<Faly)=

bJ.l//dv-;(Q,l//eXJr <:>|F(1//X£b.|.y/dv-;(g,l//ex+:>

M M
|F(¢)S‘F(¢+]+‘F(¢_]Sb~ I((p+ +(p_)dv;m :bj|(p|dv~pgg,(pe X
M M
This concludes the proof. |

Theorems 3.2.1 and 3.2.2 show how different might be the moment problem and Mazur-Orlicz theorem, even
for similar statements. For the next result, let X be the space of all absolutely convergent power series in the
closed polydisc

Dy = {z = (zl_ ...,Zn): |Zp| <R, p€l, ...,n}},R: = (Ry, ..., Ry),

with real coefficients. The positive cone of X consists in all power series in X, having all the coefficients
nonnegative numbers. The space Y is the same as in Theorem 3.1.4. Denote

IAlle := sup|h(2)],h € X.
ZEDR

Theorem 3.2.3. Let 0 <7, <R, p=1,..,nh(2) =2 2"k € N*,z € Dy, > 0. Let (By)yenn be a multi
indexed sequence of positive operators in Y. Consider the following statements

(a) there exists a linear positive bounded operator F applying X to Y such that

Ry
Rp =1

n
F(h) = By vk eNYIF@)| < a| [ llollal

p=1

n

R
sa R

)
po1 »

(b) By < arfl -o'rf"I, vk € N", where [ is the identity operator.
Then (b) implies (a).

Proof. Let J, © N" be a finite subset and (Aj)jelo be a set of nonnegative real scalars, such that ¥ ;¢; A4;h; < @
= Yrenn Vi = 4 <v;,j €Jo, vk = 0,Vk € N™ Let € be an arbitrary number such that 0 < & < 1r;1pi;1n{Rp -1}

The Cauchy's inequalities for the analytic function ¢ lead to

llelle
= < ,k € N™,
]/k |YI(| = (Rl —E)kl"'(Rn—&')kn

Using these relations and the preceding ones, as well as the hypothesis on By, k € N", we infer that

Tl k1 Tn kn
Z AB; < Z ¥iB; < allglle Z <R1 _ e) (Rn - e) =

Jj€Jo J€Jo keN™
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n

k. n
ol T T1 D (52 Vi = allol | |7R”_S I
= (o] :a (o] )
ally Rp—e @ 1Rp—e—rp
p=

p=1 \kpeEN

Ve € (O,Rp —rp),p =1,..,n

Passing through the limit with € 1 0, the following basic relation follows

ZAB<a||<p||m]_[R 1= T(0) =T(-9)

J€Jo

Application of Theorem 2.7 leads to the existence of a linear positive operator F,

n

R
F(hy) = By, Yk € N, |F ()] < al_[R i
p=1 P

lolle], Vo € X.
Tp

Since the norm on Y is solid, we derive

IF (oI < a]_[R ol Vo € X

This concludes the proof. o

The next two theorems are applications of the last theorem of section 2 (Theorem 2.8). The first one refers to a
space of analytic functions, while the second one involves a space of continuous functions. Both these problems
are multidimensional-type Markov moment problems. Let n # 0 be a natural number and X be the space of
absolutely convergent power series in the unit closed poly - disc D; = {z = (24, ) Zy): |zp| <1,pe(l, ...,n)},
with real coefficients. The norm on X is defined by

lollo = sup{le(2)|:z € Dy}
Denote

hi(2) = 21 . ",k = (ky,....k,) EN",z €D,

|k| == ky + -+ + k,.. On the other hand, let H be a complex Hilbert space, A the real vector space of all self
adjoint operators acting on H, A € A. Define the space Y = Y(4) as in Theorem 3.1.4. Let (By)xenn be @ multi -
indexed sequence of operators in Y, and B € Y, \{0}.

Theorem 3.2.4. Assume that A,, ..., A, are elements of Y such that there exists a real number M > 0, so that

2kq an

4, VkEN”ZAZ
k!

where I is the identity operator. Let {¢;}renn € X be such that 1 = ||@ill = ¢, (0),Vk € N™. Then there exists a
linear bounded operator F € B(X,Y) such that

Bl <M

F(hy) = By, |k| = 1,F(¢p,) = B, vk € N™,

F(R) < (2+|B||[M~ e )lIhllwuo, Vh € X, ug = Mel.
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In particular, the following evaluation holds: ||F|| < 2Me + ||B|.

Proof. One applies Theorem 2.8. The subspace generated by {h;: |k| = 1} stands for S of Theorem 2.1, and the
convex hull of the set of the functions ¢, k € N, stands for the set A. The following remark is essential:

lIs = @lleo = |s(0) = @(0)| = |0 - 1] = 1,Vs € 5,Vp € A.

This proves that (S + B(O,l)) N A = @, so that B(0,1) stands for V and ||*||, stands for p,, from Theorem 2.1. The
operator B will stand for 3. Now let

Jj€Jo

where J, is a finite subset of N™. The following relations hold

1
> 8| < 18118l < gl Y. S— 18]
’r' c-"r'

Jj€Jo Jj€Jo j€Jo 1 n

forany 0 <r, < 1,p € {1,...,n}, thanks to Cauchy inequalities. Passing to the limit with r, T 1.p € {1, ...,n} and
using the fact that ¢ € B(0,1), as well as the hypothesis in the statement, the preceding relation further yields

2kn

A2f1 Azfn A2k1
ZBJ / 151 JAN N ky! k!

J€Jo J€Jo J€Jo k,1EN knEN

n
= Mexp ZA?, < Mexp(I) = Mel = u,,.
p=1

The conclusion is that denoting by f:S — Y the linear operator which satisfies the moment conditions f(h;) =
By, k € N™, |k| > 1, we have

—Mel < f(s) < Mel = u,, Vs € SN B(0,1).
On the other hand, the following relations hold
B<|B|I=|B||M e uy = ayu,
where a; = ||B||M~e~1. The conditions on the norms of the functions ¢y, k € N™ lead to
loll < 1,Ve € A.

So, the constant 1 stands for ¢ from Theorem 2.8. Now all the conditions from the statement of theorem 2.8 are
accomplished. Application of the latter theorem, leads to the existence of a linear mapping F: X — Y, such that

F(hk) = f(hk) = Bk!k € Nn! |k| > 1:F((pk) = E!Vk S Nnr
F(h) < (2+|B||M~te™Y)||hllsMel,Vh € X.
From the last inequality, we derive

IF(R)| < (2Me + ||B||)lIkll!, VR EX.
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Since the norm on Y is solid, we infer that
IF(WI < (2Me + ||B||)IIhllw, Yh € X = |IF|| < 2Me + ||B|.
This concludes the proof.

Let H be a complex Hilbert space, A, k=1...,n, linear positive commuting self -adjoint operators on H.

Yi=U e A(H), AU =UA, k=1...n}Y ={V eYy;VU =UV, VU €Y},
Y, ={ eY;(V(h),h)=0,vheH]

X will be the space C([0,b;]xA x[0,b,]) Y =Y(A,....A,) is the space just defined above. It seems that repeating

the arguments in [5], one can prove that Y is an order complete Banach lattice (and a commutative real Banach
algebra). Assume additionally that (A )=[0,by ] k=1...,n.

Let
0 € X, @ity tn) =t A tI, (t,...t ) € [0,by JxA x[0,b, ]

n
i =(ipedn) e N [1= i 21
k=1

Theorem 3.2.5. Let (Wj)jeNn be a sequence in X such that ;(0,..,0) =1, 1//(0““0) =1, "1//]-"0O <1 for all
jeN", and let BeY,B=>1. Then there exists a linear bounded positive operator F eB(X,Y), which is
multiplicative on the subspace of continuous functions vanishing at the origin, such that
Flpj)=AlLA A0, jeN, [j/21
Fly;)= B, vieN" |F(p)<@+[B])}| 0|1, voe X.
Proof. Denote A= conv {1//1- je Nn} S= Span({(pj | 21}) Then we get
IIs — all = [s(0) —a(0)] =1,VsES,Va€E A >

(S+BO)I A=d,V:=B01) Jy| <l=a VyecA

Thus, the unit ball B(O,l) of the space X stands for V of Theorem 2.8, || || stands for Py, and A is the convex

hull of the collection of functions yj, j e N". Define

f:SY, f(s)=1f D ajp; [= D aj LA Adn,
igdo i€do

where Jg {j eN™ |j| Zl}c N" is a finite subset. If seS1I B(O,l), then
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~1<s= Y ajtl At <1 V(Yy...t,)e[0.b]xA [0,b,]=
i€do

—1<f(s)= Y ajAltA Aln <1,

jedo

because of the positivity of the spectral measures associated to the n — tuple (A,...,A, ). On the other hand
B<|B||-1, so that all conditions of theorem 2.8 are verified for

aq =||B||, a=1 Ug = |
Application of theorem 2.8 leads to the existence of a linear extension F of f, such that

Flo)<@+[8))le], 1. voex =|Flp)<@+[8])}lel, ! = |F|<2+]8]
Fly;)2B=7,vieN" = F(1)>B

In particular, F is continuous. Now we prove that F is also positive. Let p be a polynomial

plty,tn)= D @it At 20 V(ty,...ty) [0y JxA x[0,by ]
jedr

where J;  N" is a finite subset. Then using the positivity of the spectral measures attached to n — tuple of

operators (44, ..., Ay), as well as the relations
F(1) = F(¥..00) =B =1Lag.. 0 =p,..,0) =0,

we derive the following implications

Application of Weierstrass approximation theorem and the continuity of F lead to the positivity of F on X.

Hypothesis on the fact that A,...,A, are permutable and a straightforward computation shows that

f(pLp2)=f(p1)f(p2)

for all polynomials of n variables, vanishing at the origin. Since F is a continuous linear extension of f and the

product operation on the Banach algebra Y is continuous, we infer that F is multiplicative on the subspace of
continuous functions vanishing at the origin (use Bernstein approximating polynomials of n variables: if a
continuous function vanishes at the origin, then all the corresponding Bernstein polynomials do the same). This
concludes the proof.

4 Conclusions

The present review article is essentially based on results in constrained extension for linear operators, polynomial
approximation on unbounded subsets and the analytic form of positive polynomials on certain closed subsets.
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These are earlier results, which are recalled without their proofs. Using this background and general results in
classical and functional analysis, one obtains solutions for Markov moment problems and Mazur-Orlicz type
problems on concrete spaces. All our solutions involving concrete spaces are operator-valued or function-
valued. These are relative new published results and are accompanied by their proofs. The methods can be seen
following these proofs. Between the main background-domains mentioned above there is a strong relationship.
For example, in the proof of the approximation result given by Lemma 3.1.1, Theorem 2.5 and Haviland theorem
are applied, as discussed in [6], [25]. On the other hand, approximation and extension of linear operators solve
Markov moment problems. To conclude, in particular, the relationship between the subjects in the title is
illustrated. The results are stated and the corresponding methods follow from their proofs or from appropriate
reference citations. The main purpose of this review article is to prove theorems of subsections 3.1 and 3.2. This
aim is attained by means of methods recalled in the other two sections (no. 1 and no. 2), also using general type
results in measure theory and functional analysis, referred during the proofs.
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