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Abstract

In this paper, we consider a hyperbolic generalized Fisher-KPP equation: e2usy + g(u)us = (k(u)ug ). + f(u) where f,
g and k are arbitrary smooth functions of variable v and ¢ is a speed parameter. We find invariant solutions by Lie
method. Also, we study standard and weak conditional and approximate symmetries.
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Introduction

The symmetry group method plays a key role in the study of differential equation. The basic method for computing
symmetry groups, using the prolongation formula for their generators, goes back to Sophus Lie. He was the first one
who actually did introduce the general method for finding symmetry groups and invariant solutions [17].

The symmetry group of a PDE constructs some new solutions from known ones. G.W. Bluman and J.D. Cole
generalized the Lie’s method and presented a non-classical method of group invariant solutions for the linear heat
equation [2]. The concept conditional symmetry was introduced and developed by W.I. Fushchych [8,9]. Non-trivial
conditional symmetries of a PDE allows us to obtain a clear form of solutions of the equation which can not be found
by Lie method. P.J. Olver and P. Rosenau developed this method and proved that any vector field X is a conditional
symmetry and any solution of the equation is an invariant solution under some X [18].

Recently, many mathematicians, mechanicians, and physicists, such as Euler, D’Alembert, Poincare, Bateman used
conditional symmetries for the construction of exact symmetries of the linear wave equation, which some solutions can
not be obtained by Lie’s method. Classical Lie group theory was provided an efficient tool for computing symmetry
groups of a PDE, but any small perturbation in an equation changed the symmetry group, so this method isn’t always
applicable. An approximate theorem is provided us to construct approximate symmetries that are stable under small
perturbations of a PDE. V.A. Baikov, R.K. Gazizov, and N.H. Ibragimov were the first people who worked on this
subject [4]. In this method, the Lie operator is expanded in a perturbation series so that an approximate operator can
be found [13-16,20].

One of the most important and most useful equations is the Fisher-KPP equation which plays an important role
in the medicine and biology science u; = g, + F(u), where F' is monostable and F(0) = F(1) = 0. S.A. Gourley
showed that traveling front of a nonlocal Fisher-KPP equation exists if the nonlocality is sufficiently weak in a certain
sense [10]. In the [11,12], this equation is generalized to the following form m(u)u; = (k(u)uy ), + f(u). Asin Mckean’s
approach, S. Dunbar and H. Othmer [6,7] showed that the function wu(t, z) satisfies a nonlinear hyperbolic equation
of the general form

up + g(uhur = ((u)ug)o + f(u), (0.1)

that is derived from models of movement cells and celled organisms and from a mathematical treatment of a branching
random walk. They studied the equation (0.1) while k(u) is a constant function and g(u), f(u) are polynomials
functions and obtained traveling wave solutions of certain speeds. K.P. Hadeler introduced a simplifying transformation
for general parameter functions g, k, u and provided a complete description for the case of a constant or a monotone
function k [11].
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In this paper, we consider the equation (0.1) and find invariant solutions of it by the classical, non-classical and
approximate method. In the first section, we suppose that the parameter ¢ is constant and obtain symmetry groups
and invariant solutions by using Lie method. In the second section, we assume that the parameter ¢ is a constant and
the conditional symmetry is found. In the third section, we obtain first and second order approximate symmetries by
the Ibragimov approximate method. In the final section, we analyze the important and useful case of the equation
(0.1) and invariant solutions are found.

1 Lie Symmetries

In this section, we illustrate a general Lie method. Also we find symmetry groups and invariant solutions of the partial
differential equation (0.1) by Lie method. We consider a system of a PDE of order n

Ay(z,u™y=0, v=1,---1, (1.2)

which = = (z',---,2P) and u = (u',--- ,u?) are independent and dependent variables, respectively and u(® :=

(uf‘1 UGG uﬁzn) is derivatives of u with respect to x from 0 to n. We consider a one parameter translation

group G that acts on independent and dependent variables of (1.2) by the following form
o= 2t 4 sz, u) + O(s%), i1=1,---,p
@ = u® 45" (z,u) + O(s), a=1.--,q

where £ and ¢ are the infinitesimal of the translation for the independent and dependent variables, respectively.
The general form of the infinitesimal generator of the translation group G is

p

X = Zfi(x,u)ari + Z (2, u)Oye (1.3)

=1 a=1

By theorem 2.36 of [17], the n-th order prolongation of the infinitesimal generator X is the vector field

q
priX =X + Z ngi(x, u("))ﬁuf;, (1.4)
a=1 J
with 1 <k <n, J= (ji, - ,jx), 1 < jr < p. The coeffcient functions ¢’ are given by the following formula:
p . p .
Pl ™) = D (o = Y€ ) + 3" € (1)
i=1 i=1
where uf 1= du®/dx* and u§,; := du§/dx" and D is the total derivative.

By theorem 2.71 of [17], G is a symmetry group of the nondegenerate system (1.2) if and only if
pr(n)X(AV(z7u(n))) :07 V= 17 7l7 (16)

whenever A(z,u(™) = 0.

By solving the above system, we obtain coefficients of the infinitesimal generator X. By using Lie equations, we
gain the symmetry group G.

To earn invariant solutions, we must acquire functional independent invariants of X by integrating a corresponding
characteristic system.

Now, we consider the equation (0.1) which the parameter ¢ is a constant. Let ! = ¢, 22 = x and u(t,x) be
independent and dependent variables. So the one parameter translation group acts:

(t,2,0) = (t,z,u) + s(7,& @)(t, z,u) + O(s?).

The infinitesmal vector field corresponding with G is X = 70 + £ 0, + ¢ J,. The second prolongation of X is the
form:

pr(Q)X =X+ <Pt am + (pm 8uz + (,Ott au“ + (pta: aum + (pxz )

Uz
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Suppose that Q = ¢ — Tu; — £u,. Applying (1.5), the coefficients ¢” leads as:

@' = DyQ + Tuy + Eugy, ©® = DyQ 4 Tugt + Uz,
' = DQ + Tugse + Eusta, 0" = Dy DyQ + Ty + Eliza,

Therefore, the invariant condition (1.6) is equivalent to solving the system:
preX (%usy + g(u)uy — (k(u)ug). — f(u)) =0,
e2upy + g(w)uy — (k(u)ug ) — f(u) = 0.

Then we obtain a polynomial equation including derivative w that the coefficients u are derivatives &, 7, ¢ with
respect to t, x, u. The coefficients of derivatives must be zero; therefore, we obtain a determining system of 16
equations:

k(u) fuu = 07 Tuu = 07 k(u) (‘puu - 251193) = 07

Solving the above system, leads:

Theorem. The one-parameter Lie group of point symmetry of the equation (0.1) has an infinitesimal generator X,
whose coefficient functions T = ¢y, £ = c2 and ¢ = 0 are constants.

Therefore, this symmetry group has the infinitesimal generators X; = 9;, Xo = 9,. By integrating Lie equation

system, we obtain one parameter symmetry groups with generators X; and Xs:
Gi(s) : (t,x,u) — (t+ s, x,u), Ga(s) : (t,x,u) — (6, + s, u). (1.7)

Thus we can say:

Corollary. Ifu= f(t,x) is a solution of (0.1), then
uV = f(t —s,2), u® = f(t,z —s), s €R,

are solutions of (0.1).

Proof: Now, we want to find nontrivial invariant solution of equation (0.1). Consider the symmetry generator
X, = 04, by solving characteristic equations, we obtain functional independent invariants y = z and w = u. Thus the
reduced equation is

k(u)wyy + f(w) =0,

which is an invariant solution of the equation (0.1) corresponding with X; by integrating the above reduced equation.
Similarly, we find functional independent invariants y = t, w = u corresponding with Xy, = 0,, and reduced
equation:

62wyy —g(w) +wy, — f(w) = 0.

Solving the above reduced equation leads to an invariant solution of the equation (0.1) corresponding with Xs.
For example, suppose that f(u) = ¢1, g(u) = co and k(u) = c3 are constants. Then the reduced equations
corresponding with X; and X5 are, respectively:

2
C3Wyy +c1 =0, E°Wyy — 2 +wy —c1 = 0.

The following invariant solutions are respectively:

C1
wi(y) = —7203 Y2+ a1y + o,
€1 C2 €1
wa(y) = 7@52 eXP(*ﬁjy) + o +ca.

Therefore we can prove that:
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Theorem. If f(u) = c¢1, g(u) = co and k(u) = c3 are constant functions then invariant solutions of the equation
(0.1) corresponding with exact symmetries X1 = 0y and Xo = 0, are respectively:

C1 o
U = ——x° +c1x + ca,
203
(&1 2 Co C1
U9 = ——¢€ eXp(—ﬁt) + —t+ Ca.
Co & Co

2 Conditional Symmetries

In this section, we desrcibe Cicogna method for finding conditional symmetry. By definition of Fuschych, X is a
conditional symmetry (CS) of the equation A = 0 if there is a supplementary equation E = 0 such that X is an exact
symmetry of the system A = F = 0.

Cicogna considered the simplest and more common case of supplementary equation that is called ’side condition’
or invariant surface condition: Xgu = §; uy, — ¢ = 0, where X is the symmetry written in evolutionary form [5,17].
This condition indicates that we are finding precisely solutions which are invariant under X. By proposition 1 in [5],
we have:

Proposition. A vector field X is a standard conditional symmetry for the PDE A = 0 if it is a symmetry for the
system

A=07 XQUZO,

and this corresponds to the existence of a reduced equation in p — 1- independent variables which gives X - invariant
solutions of A = 0. Also, a vector field X is a weak conditional symmetry of order o if it is a symmetry of the system

A=0, AW . =prWxA)=0, ---, ALY =0 Xou=0,

and this corresponds to the existence of a system of o reduced equations which gives X -invariant solutions of A = 0.
Proof. Now, we want to find conditional symmetry of the equation (0.1). We consider the evolutional form of X,
so Xg = o(t,z,u) — 7(t, z,u)0y — £(t, x,u)0;. Then by proposition 2, X is a standard conditional symmetry if X is a
symmetry of the following system:

2uy + g(wuy = (k(w)ug)e + f(u), @ — Tup — Eugy = 0.

Integrating of the above system implies that 7 = ¢1, £ = ¢o = 0 and ¢ = 0. Thus we can state:

Theorem. The infinitesmal standard conditional symmetry of the equation (0.1) are X1 = 0y, Xo = 0, and X3 =
Ot + 0y

Proof. Infinitesmal generator symmetries X; and Xy are exact symmetries that we obtained invariant solutions of
them by Lie method. The corresponding characteristic equation with X3 is dt = dz and du = 0. Then functional
independent invariants are y = x —t and w = v and the reduced equation is:

52wyy = g(w)wy + k(w)wyy + f(w). (2.8)

Now, we can find invariant solutions of the equation (0.1) by integrating the reduced equation (2.8). For example,
suppose that f(u) = ¢1, g(u) = ¢o and k(u) = c3 are constant functions, so the reduced equation corresponding with
X3 is Eway = CoWy + C3Wyy + 1 and the solution is:

C1

2 C2yY ) 1y
= —(c3—¢")e + — +ca.
wly) = s — e (Z25) + W 4

Therefore, we can state the following theorem:
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Theorem. Let functions f(u) = ¢1, g(u) = ¢o and k(u) = c3 in the equation (0.1) are constants, then the invaraint
solution corresponding with the standard conditional symmetry X = 0y + 0, is:

c colx —1 c
uw=—(c5 — ) exp (2(72)) + Xz —t) + o
Co C3 — ¢ C2

Proof. Now, let X = 7(¢, z,u)0; + £(¢, z,u) 0y + @(t, z,u)d, be a vector field. For finding weak conditional symmetry
of order 1 of the equation (0.1), we must solve the following system:

A o ug + g(wuy = (k(w)ug)e + f(u),
AM o prMX(A) =0,
Xou : @ —Tur —Euy =0.

Then we gain 7 = ¢1, £ = ¢o, ¢ = 0. Thus weak conditional symmetry of order 1 are exactly the standard conditional
symmetries X = 0y, Xo = 0,.
The weak conditional symmetry of order 2 are obtained by integrating the following system:

A Suy A+ gu)uy = (k(u)ug)e + f(u),
AL pr(l)X(A) =0,
A® o prPX(A) =0,
Xou : @ =Tu + &uy,

that these are the same as the weak conditional symmetry of order 1.

3 Approximate Symmetries

In this section, we illustrate approximate symmetries of the equation (0.1) by Ibragimov approximate method. Now,
consider an approximate equation:

F(z,€) = Fy(2) + eFy(2) = 0. (3.9)

By theorem 2.2.1 in [13], the equation (3.9) is an approximate invariant under approximate transformation group G
with the generator

X=X+ eXt =¢0. +ei(2)0.4,

if and only if [XF(z,¢)] o = 0(e).
The Theorem 2.2.2 of [13] statted that ”If the equation (3.9) admits an approximate transformation group with the
generator X = X?+eX! then the operator X° = £}(2)0,: is an exact symmetry of the equation Fy(z) = 0”. Therefore,

we can give an infinitesmal method for calculating approximate symmetries X of the first order for differential equation
(3.9):

1. Computation of the exact symmetry X° of the unperturbed equation Fy(z) = 0.

2. Determination of the auxiliary function H by the equation:

H= %[XO(FO(Z) LR (2))

Fo(z)+sF1(z):0] ’
3. Calculation of the operator X! by solving the determining equation:

1
X1 Fo(2)| gy ay—g + H = 0.

By similar method, we find approximate symmetry of the second order for the equation Fy(2) +eFy(2) +&2Fy(2) = 0.
By using Ibragimov method, we gain approximate symmetries of the first and second order of the equation (0.1),
then we can state the following theorem:
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Theorem. Approzimate symmetries of order 1 of the equation (0.1) are 0y, 0., €20y, €20,. And approzimate
symmetries of order 2 of the equation (0.1) are Oy, Oy, €0y, €0y, €20; and £20,.

4 Illustration

We consider the problem of traveling fronts proceeded by growth together with cell dispersal. This is the appearance
in populations of bacteria swimming inside a narrow channel [1,19]. S. Dunbar and H. Othmer [6,7] introduced a
model of cell dispersal. They consider a position migration process with branching. A newborn particle moves with
constant speed to the right. It remains in this state and reverses its direction if it leaves this state. Moreover, the
particle may split into two daughters which each of them chooses its direction of movement with probability 1/2. Due
to this phenomenon, they were modeling equation (0.1). E. Bouin, V. Calvezyz, and G. Nadin used this model and
studied a special case of it [3]. In fact, they supposed that g(u) = 1 — e2F(p-(t,z)), k(u) = —1,f(u) = F(p:(t,))
in equation (0.1) where (¢,z) and p.(t,z) are independent and dependent variables and the growth function F is a
concave function. So the equation (0.1) changes to the following form:

528ttpa + (1 - €2F/(pe))atpa — Opape = F(pe), (4'10)

where p.(t, ) is cell density and the parameter ¢ is a scaling factor. We consider the equation (4.10) and obtained
invariant solutions of it.
The equation (4.10) is equivalent to the hyperbolic system

Orpe + 671830(]’6) = F(ps)a €0¢Je + Orpe = 7571]’67 (4'11)

which p (¢, ) and j.(t, ) are dependent variables. Then solutions of (4.11) are corresponding one to one with solutions
of (4.10), therefore we integrate the hyperbolic system (4.11) instead of the equation (4.10).
For easy to work, suppose that F'(p) = p(1 — p). Then by using Lie method, we can prove that:

Theorem. The hyperbolic system (4.11) admits one parameter symmetry group G which generator by X, = 0,
Xo =0, and X5 = exp(—t/e2)0;..

Functional independent invariantes of X; = 9; are f(z) = pe, h(z) = jo. Then the reduced system is the form:
hele —f+f>=0,  fo+h/e=0.

By solving the above system, we find invariant solutions of the system (4.11). The reduced system with respect to
X2 = 81 is:

fo=f+f*=0,  ch+h=0.

Thus invariant solution is h(t) = cyexp(—t/e?), f(t) = 1/(1 + exp(—t)c1).
Finally, the reduced system for X3 = exp(—t/e%)9;. is:

fo-f+12=0,  f.=0.

and invariant solution is f(¢,z) = 1/(1 + exp(—t)ey).

Acknowledgments

We would like to express our gratitude to Professor Nail H. Ibragimov for useful conservations and for pointing us
towards better work.

References

[1] J. ADLER, Chemotazis in bacteria, Science 153 (1966), 708-716.

[2] G.W. BLUMAN and J.D. COLE, Similarity methods for differential equations, Appl. Math. Sci, No. 13, Springer-
Verlag, New York, 1974.

131


http://purkh.com/index.php/mathlab

MathLAB Journal Vol 2 No 1 (2019) http://purkh.com/index.php/mathlab

3] E. BoulN, V. Cawvezyz and G. NADIN, Hyperbolic traveling waves driven by growth, 2011,
http://arxiv.org/pdf/1110.3242.pdf.

[4] V.A. Baikov, R.K. Gazizov and N.H. IBRAGIMOV., Approzimate symmetries, Math. Sbornik ,136(178), no.
3:435-450,1988. English transl., Math.USSR Sb., 64(1989), No.2, pp.427-441.

[5] G. CICOGNA, Discussion on the different notions of symmetry of differential equations, Proceedings of Institute
of Mathematics of NAS of Ukraine, Vol. 50, Part 1, 2004, 7784.

[6] S. DUNBAR and H. OTHMER, On a nonlinear hyperbolic equation describing transmission lines, cell movement,
and branching random walks, in nonlinear oscillations in biology and chemistry, Lecture Notes in Biomathematics,
Springer-Verlag, 1986.

[7] S. DUNBAR, H. OTHMER and W. ALT, Models of dispersal in biological systems, J. Math. Boil (1988)26:263-298,
Springer-Verlag, 1988.

[8] W.I. FUuSHCHYCH, On symmetry and particular solutions of some multidimensional physics equations, In Algebraic-
theoretical Methods in Mathematical Physics Problems, Kyiv, Inst. Math. Acad. Sci, of Ukraine, 1983, 423.

[9] W. FusHCHYCH, W. SHTELEN and M. SEROV, Symmetry analysis and ezxact solutions of nonlinear equations of
mathematical physics, Kiev, Naukova dumka, 1989, Dordrecht, Kluwer, 1993.

[10] S.A. GOURLEY, Travelling front solutions of a nonlocal Fisher equation, J. Math. Biol. 41, 272284, Springer-verlag
2000.

[11] K.P. HADELER, Hyperbolic travelling fronts, Proc. Edinburgh Math. Soc. 31, 1988, 89-97.

[12] K.P. HADELER, Travelling fronts and free boundary value problems, In Numerical treatment of free boundary
value problems, Oberwolfach Conference, 1980.

[13] N.H. IBrRAGIMOV and V.F. KOVALEV, Approzimate and renormgroup symmetries, ALGA publications, Karl-
skrona, 2009, 1-73.

[14] N.H. IBRAGIMOV, Perturbation methods in group analysis, In Differential equations and chaos, New Dehli, 1996,
41-60.

[15] M. NADJAFIKHAH and A. MOKHTARI, Symmetry analysis of Black-Scholes equation for small values of volatility
and rate of return, Journal of Interpolation and Approximation in Scientific Computing, Vol. 2014, ID jiasc-00054.

[16] M. NADJAFIKHAH and A. MAHDAVI, Approximate symmetry and approzimate solution of the ¢—equation with a
small parameter, Gen. Math. Notes, Vol. 24, No. 1, Sep 2014, 40-51.

[17] P.J. OLVER, Applications of Lie groups to differential equations, Second Edition, GTM, Vol. 107, Springer Verlage,
New York, 1993.

[18] P.J. OLVER and P. ROSENAU, The construction of special solutions to partial differential equations, Phys. Lett.
A, 1986, V.114, N 3,107112; Group-invariant solutions of differential equations, STAM J. Appl. Math., 1987, V.47,
N 2, 263278.

[19] J. SARAGOSTI et. al., Directional persistence of chemotactic bacteria in a traveling concentration wave, PNAS,
2011.

[20] A. VALENTI, Approxzimate symmetries for a model describing dissipative media, Proceedings of 10th international
conference in modern group analysis 2005, 236-243.

132


http://purkh.com/index.php/mathlab

	Lie Symmetries
	Conditional Symmetries
	Approximate Symmetries
	Illustration

