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Abstract

This review paper starts by recalling two main results on abstract Markov moment problem. A corresponding
application involving concrete spaces of functions is proved in detail. In the end, using polynomial
approximation on special unbounded closed subsets, some multidimensional Markov moment problem on such
subsets are recalled, without repeating the proofs. Our approximation results solve the difficulty arising from
the fact that there exist positive polynomials on R™,n = 2 which cannot be written as sums of squares of
polynomials. However, the upper constraint of the solution is written in terms of products of quadratic forms.
The solutions are operators having as codomain an order complete Banach lattice. The latter space might be a
commutative algebra of self-adjoint operators. All solutions obtained in this paper are continuous, and thanks
to the density of polynomials in the involved domain function spaces, their uniqueness follows too. Operator
valued solutions for classical moment problem are pointed out.
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1. Introduction

We recall the classical formulation of the moment problem, under the terms of T. Stieltjes, given in 1894-1895
(see the basic book of N.I. Akhiezer [1] for details): find the repartition of the positive mass on the nonnegative
semi-axis, if the moments of arbitrary orders j ( j =0,1,2,...) are given. Precisely, in the Stieltjes moment problem,

a sequence of real numbers (yj)jzo is given and one looks for a nondecreasing real function o(t) (t>0),

which verifies the moment conditions
I thﬁ)Z i .=0J2v“

This is a one dimensional moment problem, on an unbounded interval. Namely, is an interpolation problem with
the constraint on the positivity of the measure dao. The existence, the uniqueness and the construction of the
solution o are studied. It is a classical moment problem, since the values y;, j € N of the linear form defined by
do on basic polynomials are prescribed. Passing to an example of the multidimensional real classical moment
problem, let denote

@ity ty) =t ot j=(jp,..in)eN”, t=(ty ) ERLRENR22 (1)

If a sequence (;). ., is given, one studies the existence, uniqueness and construction of a linear positive form
JJjenn

F defined on a function spaces containing polynomials, such that the moment conditions

F(o;)=y, Jj€EN" (2)
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be accomplished. Usually, the positive linear form F can be represented by means of a positive regular Borel
measure on R%. When un upper constraint on the solution F is required too, we have a Markov moment
problem. This requirement is formulated as F being dominated by a convex functional, which might be a norm
and its aim is to control the continuity and the norm of the solution. All these aspects motivate the study
sketched in the next section, which is mainly devoted to the abstract moment problem. Clearly, the classical
moment problem is an extension problem for linear functionals, from the subspace of polynomials to a function
space which contains both polynomials as well as the continuous compactly supported real functions on R%.
From solutions linear functionals, many authors considered solutions linear operators. Of course, in this case the
moments y;, j € N" are elements of an ordered vector space Y (usually Y is an order complete Banach lattice).
The order completeness is necessary in order to apply Hahn-Banach type results for operators defined on
polynomials and having Y as codomain. Various aspects of the classical moment problem have been studied
[11-[9], [111-[16], [18]-[23]. The paper [2] discusses connections of the moment problem with fixed point theory.
On the other side, as it is well-known, for natural n > 2 there exist positive polynomials on R™ which cannot be
expressed as a sum of squares of polynomials. Because the form of positive polynomials on an unbounded
closed subset of R",n = 2is not known, the multidimensional classical moment problem on such a subset is
much more difficult than that of the one-dimensional case. Many of the published papers deal with the moment
problem for semi-algebraic compact subsets of R™. The form of positive polynomials on such compacts is
known (cf. [3], [21], [22]). Markov moment problem was studied in [5], [8], [9], [11]-[16], [18], [19], [20] and many
other papers. Connection of the moment problem with operator theory has been pointed out in [2], [8], [21],
[22] and other articles/monographs. General results in functional analysis applied along this work, including
extension of linear operators with two constraints, can be found in [1], [10], [11]. See [4], [6], [23] and the
references there for the uniqueness of a solution . A construction of a solution is proposed in [8]. The main
purpose of this paper is to find necessary and sufficient (or only sufficient) conditions for the existence of the
solutions of Markov moment problems in concrete spaces. The uniqueness of the solution follows too, thanks
to continuity of the solution, also using the density of polynomials in the domain-space. In some cases, solving
such problems requires polynomial approximation of nonnegative compactly supported continuous functions,
in L; spaces associated to moment determinate measures. Studying such problems is the second aim of this
work. In [17], polynomial approximation on unbounded subsets of R™ is applied to characterize invariance of
the unit ball of some L; spaces. The rest of the paper is organized as follows. Section 2 is devoted to recalling
some methods used along this paper. In Section 3, the abstract moment problem and related remarks are
recalled. Section 4 refers to concrete Markov moment problems and related polynomial approximation on
unbounded subsets. The multidimensional Markov moment problem is pointed out. Section 5 concludes the

paper.
2. Methods

The basic used methods in the sequel are

1) Extension of linear operators with two constraints.

2) Measure theory results.

3) Polynomial approximation on unbounded subsets.

3. Results and Discussion: on the abstract moment problem

Theorem 3.1. ([11])

Let X be a preordered vector space with its positive cone X __, Y an order complete vector lattice, T : X —Y a

convex operator. {X j} jeg ©X Ay j} jed €Y given families. The following assertions are equivalent

(@) there exists a linear positive operator F : X —Y such that
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F(xj)=Yyj Vied, F(X)<T(X) vxeX

(b) for any finite subset Jo < J and any {/lj}jEJO cR, we have

Z ﬂ“jxj <X=> Z //Ljyj ST(X)

i=do iedo
A clearer sandwich-moment problem variant is the following one.
Theorem 3.2. ([11])

Let X,Y,{Xj}jej ,{yj}jeJ be as in Theorem 3.1 and Fy,F, e L(X,Y) two linear operators. The following

statements are equivalent

(a)there exists a linear operator F € L(X,Y) such that
FX) <FX)<F(x), vxeX,, F(xj)=Yyj, Vijeld,

(b)for any finite subset Jo — J and any {lj}jejo c R, we have

Z AiXj =02 =01, @102 € Xy |= Z iYj < Falp2) = Filer)
j€dp iedo

The next theorem of this section is an earlier extension result, called Lemma of the majorizing subspace, for
positive linear operators on subspaces in ordered vector spaces (X, X,), for which the positive cone X, is
generating (X = X, — X,). Recall that in such an ordered vector space X, a vector subspace S is called a
majorizing subspace if for any x € X, there exists s € S such that x < s.

Theorem 3.3.

Let X be an ordered vector space whose positive cone is generating, S € X a majorizing vector subspace, Y an
order complete vector lattice, Fy: S — Y a linear positive operator. Then Fy has a linear positive extension F: X - Y
at least.

Remark 3.1. In the statements of theorems 3.1, 3.2 the basic implication is (b)=(a), while the converse is obvious.
Similarly, theorem 3.3 gives a sufficient condition for the existence of a positive extension. For application of this
last general result to the classical moment problem, one can take the space X of all continuous functions on R?%,
whose modulus is dominated by a polynomial, S the subspace of polynomials, Fy:S =Y, FO(Zj€]0 ajth) =
Yielo ay;, th = t{’ tr{", t=t=(t;,..,ty) ERYEJy c N*, a; €R,j € Jy where ], is a finite subset. If F, is a (linear)
positive operator, then, according to theorem 3.3, it has a positive (linear) extension to the whole space X.
Usually, the space X is dense in a classical Banach lattice of integrable functions on a subset of R%. Note that in
theorem 3.3 no upper bound for the extension F is required. Obviously, F verifies the interpolation moment
conditions (2), thanks to the definition of F,.

4. Main Text

4.1. Solving Markov moment problems in concrete spaces
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The next result gives a sufficient, as well as a necessary condition for the existence of a solution for a Markov
moment problem (see [8]).

Theorem 4.1. Let T be a measurable space, v a positive o —finite measure on T,X = L;, (T)endowed with the
natural ordering and norm ||-||; . Let {xj ES ]} cX, {yj; jE€ ]} c R, where ] is an arbitrary set of indexes. Consider
the following statements

(@) there exists h € L, (T), such that =1 < h(t) < Ta.e. in T and fT x; (t)h(t)dv = y; Vj € ];
(b) for any finite subset J, c ] and any {4;;j € Jo} € R, the following inequality holds

Z Ad yy; < Z Ak, f x; (£)dv f % (t)dv

iL,j€Jo iL.j€Jo T T
(o) for any finite subset J, c | and any {/1-; jE ]0} c R, the following relation holds

> advy < Y iyl [ @l [ 1] av
T T

L,j€Jo L,j€Jo
Then (b) =>(a)=(c)

Proof. (b)=(a). We apply Theorem 3.2 (b)=(a). Namely, if

n

zljxj =09:— 91919:€ X, ={g€X;9(t) 20 a.e.inT},

=0
then
—-g71 < Aixi < go= —j g:()dv < z/ljj x; (t)dv < J g>t)dv =
j=0 T j=0 T T

leij (t)dv ngz(t)dv+fg7(t)dv=
j=0 T T T

[ g2av | = [ g1y | = Fxtgz) - Fi(an. o) = [ 9w, Fy = —F;

T T T

On the other side, condition from (b) can be written as

2

n n 2 n
= j j=0

j=0 T

I\
INGE

The above relations yield

IA

n n
lexj =9g>— 9n9n g €Xy = le}’j
‘=0 =0
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>

AjJ- xj (Ddv| < Fa(g2) — Fi(g1), F2(e) = J. pO)dv,F; = —F,
j=0 T T

Thus the implication of point (b) in Theorem 2.2 holds true, and, the implication (b)=(a) of the latter theorem
leads to the existence of a linear operator F: X — R such that F(x;) = y;,j €/,

- f g(Odv < F(g) < f gOdv = |Fg)| < f g(®dv = llgll; Vg € X,
T T T

For an arbitrary function ¢ € X, it results

IF(@)] < [F(o)] + [F(g7)] sj<p+(t)dv+f go-(t)dv=j|<p(t)|dv= loll;

T T

Thus ||F|| €1, so that F is continuous (and linear) on L;,(T). Hence, there exists h € Lo, (T), ||hllo < 7T (i. €.
—1<h(t)<Ta.einT) and

yj = F(xj) = f h(®)x; ()dv,j €]
T
The proof of (b)=(a) is complete. The implication (a)=(c) is obvious. Indeed,

|yj| = fh(t)xj (Hdv| < flh(t)l |xj(t)|dv < f|xj(t)|dv JJE]J
T T T

The conclusion follows. This completes the proof. O
4.2. Polynomial approximation on unbounded subsets and the multidimensional Markov moment
problem

In this section we recall some known results on the subject, without giving their proofs. The interested Reader
can find the details in the corresponding references. The idea of the proofs of Theorems 4.2.1, 4.2.3 4.2.4,4.2.5
and of the Corollary 4.2.1 was to apply Theorem 3.3 and the approximation results from lemmas stated in the
sequel.

Lemma 4.2.1.

Let w :[0,00) > R, be a continuous function, such that lim w(t) € Ry exists. Then there is a decreasing sequence
t—ow

(h)y in the linear hull of the functions
ok () =exp (-kt), keN, t=0,

such that hy(t) > (t), t>0, | N, limh; = i uniformly on [0,0). There exists a sequence of polynomial functions
B ienaDi = by > Y, lim §; = 1, uniformly on compact subsets of [0, o).

Lemma 4.2.2.
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Let v be a M-determinate positive regular measure on [0,), with finite moments of all natural orders. If
w, (P1)| are as in Lemma 4.2.1, then there exists a subsequence (P|m )m. such that 5|m =V in Ly, ([0,0))

and uniformly on compact subsets. In particular, it follows that the positive cone P, of positive polynomials is
dense in the positive cone (Ly , ([0,0))) . of Ly, ([0,0)).

Lemma 4.2.3. ([9], [12], [14], [15], [16], [19], [20])

Let AcR" be an unbounded closed subset, and v an M-determinate positive reqular Borel measure on A, with
finite moments of all natural orders. Then for any x e (Cq(A)).., there exists a sequence (Pm)m. Pm €P+, Pm =X

, Pm =X in Ly, (A). In particular, we have

lim IA pm(t)dv=JA X(t)dv,

P, is dense in (th (A)) , and P is dense in Ly, (A).
+

Lemma 4.2.4. ([14], [19])

Let v =vq xvp x---xv be a product of n M — determinate positive regular Borel measures on R, = [0,) ,
with finite moments of all natural orders. Then we can approximate any nonnegative continuous compactly
supported function in X =1Ly,(R}) by means of sums of tensor products p, ® p; ®---® p,, p; positive

polynomial on the real nonnegative semi axis, in variable t; € [0,),j = 1,...,n.

Recall that a determinate (M—determinate) measure is uniquely determinate by its moments, or, equivalently,
by its values on polynomials. The following statement holds for any closed unbounded subset A c R", hence
does not depend on the form of positive polynomials on A. We denote by ¢;, ¢;(t) = t{’ ot = (g, s j) €
N™ t = (tj,...,t,) € A.

Theorem 4.2.1.

Let A be a closed unbounded subset of R", Y an order complete Banach lattice, (y;) a given sequence in'Y,

JENT
v a positive regular M —determinate Borel measure on A, with finite moments of all orders. Let F, € B(L,,V (4), Y)
be a linear positive bounded operator from L, (4) to Y. The following statements are equivalent

(a)there exists a unique linear operator F € B( L;,(A), Y) such that F((pj) =y;,j € N", F isbetween 0 and F, on
the positive cone of L;,,(A), and ||F|| < ||F>l;

(b) for any finite subset J, ¢ N*, and any {aj}jejo c R, we have

Yiero@®j 200nA = 0< Y a;y; < Xjes, & Fa())

We go on by recalling a result on the form of non-negative polynomials in a strip [7], which leads to a simple
solution for the related Markov moment problem.

Theorem 4.2.2.
Suppose that p(t;,t,) € R[t;, t,] is non — negative on the strip A = [0,1] x R. Then p(t;,t,) is expressible as

p(ty, t) = o(ty, tp) + t(ty, t)t;(71 —ty),
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where a(t;,t5),T(t;, t,) are sums of squares in Rty t].

Let A =[0,7] X R, v a positive M — determinate regular Borel measure on A, with finite moments of all orders,
X:= L1, (A), 9;(ts,t2) = t1t;%,j = (j1,j2) € N2, (5, t,) € A. Let Y be on order complete Banach lattice, (yj)],eNz a

sequence of given elements in Y.
Theorem 4.2.3.
Let F, € B,(X,Y) be a linear bounded positive operator from X to Y. The following statements are equivalent
(@) there exists a unique bounded linear operator F : X —Y, such that
F({/Jj): Yj: Vi eN?,
F is between zero and F, on the positive cone of X, ||F| <|Fy];

(b) for any finite subset J,cN?, and any {A;j € Jo} € R, we have

0< Z Aidi Yivj < Z AiA; FZ(q’iﬂ');

L,j€Jo L.j€Jo

0< Z Aid; (J’i7+j7+7.i2+jz - yl'7+j7+2,iz+1'2) =
i,j€Jo

Z A4 (FZ((pi7+j7+7,i2+j2 - (pi7+j7+2,i2+j2))'i = (i,i2),) = UrJ2) €Jo
L,j€Jo

Theorem 4.2.4.

LetX beasinlemma4.2.4, (y j) be a sequence in Y, where Y is an order complete Banach lattice,

jeNn
F, € B.(X,Y). The following statements are equivalent

(a) there exists a unique (bounded) linear operator F € B(X,Y) such that, F(¢;) = y;,j € N, F is between
zero and F» on the positive cone of X, || F ||<||F> ||,

(b) for any finite subset J, = N" and any {ij ;1 €Jo}<R, we have

Z Ajpj®) =0 vteR!] = Z Ajyj eV
jedp jedo

for any finite subsets J, — N, k=1,...,n and any {ﬂjk}ikeJk cR, k=1,...,n, the following relations hold

2 2 A A i Vs i [
i, j1edy in.in€Jn

Z Z ZigAqy A Ain F2 @i i in [ b (e 0n) €03
i, j1ed1 in. in€Jn
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Let v =vp xvp x---xvp,where v j, Jj=1...,n are positive Borel regular M-determinate measures on R, with

finite moments of all natural orders. Let
@ity ty)=t2 -t j=(ig,....in)eN", (t,....t,) eR".

Obviously, a statement similar to that of Lemma 4.2.4 holds true when we replace R} by R™. In the latter case,
the polynomials p;,j = 7, ...,n are nonnegative on the whole real axis, so that they are sums of squares. Applying
such an approximation result and Theorem 3.3, one obtains the following theorem.

Theorem 4.2.5.

Let v be as above, X =Ly, (R"), Y an order complete Banach lattice, and (Y ) a multi-indexed sequence

jeNn
inY.Let F,: X —>Y be a positive linear bounded operator. The following statements are equivalent

() there exists a unique bounded linear operator F: X =Y, such thatF(p;)=Yyj, Vje N", F is between
zero and F2 on the positive cone of X, || F |I<I| F ||,

(b) for any finite subset 3, = N", and any {/11- ; 1€Jo}<R, we have

Z ﬂ,j(pj(t)ZO vteR" = Zﬂ,]yj eyY,,
i< i<

for any finite subsets J, < N, k=1,...,n and any
{ﬂ'jk}jke‘]k cR, k=1..., n,
the following relations hold

Z o Zlilijl"'/1in/1jnYi1+j1,._.,in+jn SRS
i, jped1 in,jn€Jn

2 2 A A i P @i |
i, j1ed1 in,Jn€dn

In what follows we solve an operator valued one dimensional classical Markov moment problem.

Let H be an arbitrary complex or real Hilbert space and A the real order vector space of all self-adjoint operators
acting on H. The positive cone of A consists in all operators U € A, having the property: < U(h),h > =0 Vh €
H. Let A € A. Define

Y, ={VEAVA=AV}LY =Y(A) ={UEY;UV =VU VYV €Y;}, 3)
Y,={UeY;<U(h),h>=0Vh € H}

As it is well-known Y(A) is an order complete Banach lattice. Let X = Cx(0(4)), where o(4) c [0, ) is the
spectrum of the fixed positive self-adjoint operator A acting on a complex (or real) Hilbert space H. Consider
the space Y (4) defined by (3).The following corollary of the above results holds, thanks to the form of non-
negative polynomials on [0, o) [1].
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Corollary 4.2.1.
Let A,X,Y =Y (A) be as above, (U)o be a sequence of operators in Y. The following statements are equivalent

(a) there exists a unique linear bounded operator F: X — Y such that the moment interpolation conditions
F(¢,) = Uy, n € N are verified and 0 < F(Y) < Y(A), Vi € X, |IF|| < T;

(b) for any finite subset J, ¢ N and any {A;; j € Jo} < R, the following implication holds true

Jj€Jo Jj€Jo Jj€lo

(o) for any finite subset J, ¢ N and any {A- iJ € ]o} c R, the following relations hold

0< Z A AU ok Z A LAHI K € (0,1}

L,j€Jo L,j€Jo
5. Conclusions

We hope that the results stated along this review paper are in accordance with the aims claimed in the Abstract
and in the Introduction. Only one result is proved (in Section 4), because of its importance in illustrating the first
aim of thhe paper: application of constrained extension theorems for linear operators to the Markov moment
problem in a space of integrable functions. The other results of subsection 4.2 recall the importance of
polynomial approximation on unbounded subsets in solving Markov moment problems in terms of quadratic
forms. This is the second aim of this work. Here the proofs have been omitted, since the Reader can find them
in recently published articles. Both purposes are actual and illustrate the relationship between different areas in
functional analysis, having as common target solving existence (and sometimes uniqueness) of the solutions of
Markov moment problem. The latter problem has old roots and modern solutions, according to the References.
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