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Abstract

A constrained optimization problem is solved, as an application of minimum principle for a sum of strictly
concave continuous functions, subject to a linear constraint, firstly for finite sums of elementary such functions.
The motivation of solving such problems is minimizing and evaluating the (unknown) mean of a random variable,
in terms of the (known) mean of another related random variable. The corresponding result for infinite sums of
such type of functions follows as a consequence, passing to the limit. Note that in our statements and proofs
the condition ¥ p; = 1 on the positive numbers p; is not essential for the interesting part of the results. So, our
work refers not only to means of random variables, but to more general weighted means. A related example is
given. A corresponding result for special concave mappings taking values into an order-complete Banach lattice
of self-adjoint operators is also proved. Namely, one finds a lower bound for a sum of special concave mappings
with ranges in the above mention order-complete Banach lattice, under a suitable linear constraint.
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1 Introduction

Constrained optimization problems are basic in solving real-life problems, as discussed in [1]. Further results on
this subject have been revealed recently in [2], [3]. The background of the present work is contained in some
chapters of [4]-[8]. In a way, we continue our study started in [9]. For constraint optimization problems related
to Markov moment problem see [10], [11]. Other aspects of optimization theory have been recently recalled in
[12]. All these results concern mainly one dimensional valued objective functions. For optimization of vector
valued mappings see [13], [14], where applications to real-life problems are pointed out. Finally, in [15], the
geometric meaning of the maximum principle is used in order to generalize the notion of a convex function.
Using Carathéodory's theorem [5], it is known that the minimum of any continuous concave function on a
compact convex finite dimensional subset is attained at an extreme point of that set. A similar result remains
true for unbounded closed convex finite dimensional subsets A having extreme points, and for concave
continuous functions on A which attain their minimum on A at a point of 4, as discussed in [6]. Applying such
type results and other preliminaries, we solve a constrained optimization problem involving finite sums of special
strictly concave elementary functions, subject to a linear constraint. The case of infinite sums is deduced as well.
In the end of Section 2, a self-adjoint operator-valued case for special concave mappings and its particular case
of symmetric matrix-valued mappings is discussed. The latter discrete case is closely related to computational
problems. For the background related to the operator-valued case see [7], [8]. The rest of the paper is organized
as follows. In Section 2 minimizing and evaluating finite and infinite sums of special elementary strictly concave
mappings, under a liner constraint is discussed. In the end of this section, an operator-valued case is pointed
out. In particular, one can deduce the corresponding result for concave mappings taking values in an order-
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complete Banach lattice of symmetric matrices with real entries. To apply such a result, specific computations
involving positive definite symmetric matrices with real entries are useful. Section 3 presents detailed proofs for
the above results and reveals the corresponding methods. Section 4 concludes the paper.

2 Constrained minimization problems: results
Lemma 2.1.
The function @(t) = t(l —e f), t > 0, is strictly increasing and strictly concave on (0, ).

Let X be an arbitrary discrete random variable which takes a finite number of values x; € R, with the
corresponding probabilities p; > 0,j = 1,2, ...,n,(X}-; p; = 1). Denote by m, the mean of the r. v. X: m, =
Yi=1P;x;. Consider now another random variable Y, which takes the values 1 — e with the probabilities p;, j =
1,2,..,n,wherep;,j = 1,...,n are the probabilities involved in the random variable X. Note that we have assumed
that all probabilities p;,j = 1, ...,n are positive numbers. The next problem is to minimize the mean

M, =¥7_;p; (1 —e ™) subject to ¥7_; p;x; :== m, = const.
Theorem 2.1.

Using the above notations and hypothesis, we have

Mmn
my = M, = p,-(l—e"‘f)z(lrg,ggnpk)<1—e ’"”) @21

n
j=1

Equality occurs in the last inequality (2.1) if and only if x; =0 for j# j, where p; = mn py, %, =
<ksn

Mmn n — —
— , Li=1PjXj = my, = const.
m

Observe that the index j,, appearing above might be not unique (the minimum could be attained at several
points). A similar result holds true when we replace the equality constraint ¥7_;p;x; = m, = const. by the
inequality constraint ¥7_; p;x; = m,, = const. Observe also that the last inequality (2.1) holds true without using
hypothesis ¥7_; p; = 1 (see the proof in Section 3).

Theorem 2.2.

With the above notations, the same last inequality (2.1) holds, subject to x; = 0,p; > 0,j =1, ...,n, Z}‘zl pjx; = my
, and equality occurs in the same case as that of Theorem 2.1.

The next result is similar to that of Theorem 2.1, where the numbers p,,n = 1, have not the significance of
probabilities, because of: }.,,_; p,, = 0.

Theorem 2.3.

Assume that o > sup p, = inf p, > 0,X 1%, < 0,x, =0 Vn > 1,n € N. The following inequalities hold true
nz1

nx1

nz1

w0>m> Z (1 — e~n) > (inf pn) (1 _e 5325””), 2.2)

n=1

where
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[ee]
m:= Z PnXn = const.
n=1

Example 2.1.

Denote

1

pn=s+;,xn neNn=>1,

1
=i

for some £ > 0. Then the last relation (2.2) can be written as

i (e + %) (1-e V") >e (1 — exp (- %)) 2.2)

S
Il
~

Here

n=1 n=1 n=1
172, o
£ +f (Z t"‘1> dt =e—In(1 —t)|=12 = €+ In(2)
0 n=1

Thus the right hand side member of (2.2') is

e(l—exp(—g-l_lgﬂ)>=s(l—é#)

The conclusion is that (2.2') one writes as

- 1 N 1 1
- _p—1/2 _ ..
Z(g-l_n)(l € )Zs(l e 21/5)

n=1

Remark 2.1.

From programming viewpoint related to Theorem 2.1, finding the minimum and minimum point(s) for
Yi-1p; (1 — e ™) subject to ¥7_;p;x; = m, = const. it is sufficient to determine lrr%cin pi (see also the proof
<ksn

Theorem 2.1 in section 3). In case of Theorem 2.3, to determine minimum of the function

Z pn (1 —e™n)s. t.z PnX, = const.
n=1 n=1

we should find (or estimate) inf p, = infq,, where q, = lrrscin Pr,n € N,n > 1. Contrary to the case of the
nz1 <ksn

sequence (p,)ns1, the sequence (g,),»1 IS NONiNcreasing

Let H be an arbitrary complex or real Hilbert space and A the real vector space of all self-adjoint operators
acting on H. Recall that the natural order relation on the space A is defined by

U<Ve<Uh),h><<V((h),h> YheH, UVEA
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Observe that the operation of multiplication of elements of A is not commutative. Also, for arbitrary U,V € A,
the elements inf{U,V}, sup{U,V} do not exist (A is not a vector lattice). Also, the space A is not an order-
complete (Dedekind complete) vector lattice. Therefore, one uses the following construction [8].

Theorem 2.4.

Let H,A be as above, UEA,Y;=Y,(U)={We€A;WU=UW}LY =YU) ={VeY;VW=WV VW €Y;}.
Then Y is a commutative (real) Banach algebra and an order-complete Banach lattice.

The next result is devoted to an assertion similar to that of Theorem 2.3, but for concave mappings taking values
into a commutative real algebra and an order-complete Banach lattice of self-adjoint operators pointed out in
Theorem 2.4.

Theorem 2.5.

Let U be a self-adjoint operator acting on a complex or real Hilbert space H, with the spectrum o(U) c (0,). In
the space Y = Y (U) defined in Theorem 2.4, consider a sequence (T,,),»1, Such that the spectrums o(T,) C [a,b] C

(0,) for all n € N,n = 1. Let (x,),»; be an arbitrary sequence of nonnegative real numbers such that ¥,,_; x, =
1. Then the following inequality holds

bU = ) T, (1 - exp(—x,) = (inf T,) (1 - exp(-0))
n=1 -

Corollary 2.1.

Under the hypothesis and using the notations of Theorem 2.5, the following inequality holds
Z T, (I - exp(—xnU)) >a(l—e ?)I,
n=1

where w = inf(a(U)) = ||ri£|]il <U(h),h> >0, and I:H — H is the identity operator.

Remark 2.2.

In the very particular case when H = RP/R,p € N,p = 2, a positive invertible self-adjoint operator U acting on
H can be represented by a positive definite symmetric matrix with real entries (which will be denoted by My). In
this case, if 15, ..., 4,, are the (not necessarily distinct) proper values of the matrix M, we have

o(U) ={1,... ,} w = inf(c(V)) = min ;> 0, Ul = sup(a(V)) = max J;
<j<p sjsp

In this case, verifying the hypothesis and writing the conclusion of Theorem 2.5 and of its Corollary 2.1 involve
computational operations. This is the simplest (discrete) finite dimensional case of Theorem 2.5 (and Corollary
2.1). Hence the latter result may be formulated in terms of (positive definite) commuting symmetric matrixes
and their spectrums.

3 Proofs and related methods

Proof of Lemma 2.1. Let ¢: (0, 0) - (0, ), p(t) == t(l - e‘l/t), t > 0. Then the following computational results
hold true

' l l
p()=1—e1/t4 t(_e—l/t t_2) =] llt —?e‘l/f,
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1 1 1 1 1
‘O =—eVtS4Se e/t S =——e /P <0vt>0
20 t?  t? t t? t3

Thus ¢ is strictly concave on (0, ), or, equivalently, the first derivative ¢’ is strictly decreasing on the same
interval. Therefore, it results

. . , 1
0'(©) > ¢'(e0) = lim @'(x) = lim <l—e‘1/"—;e‘1/x>=1—1—0=0 vt € (0,00)

Hence ¢ is also strictly increasing on (0, ). This concludes the proof. O

Proof of Theorem 2.1. The first inequality (2.1) is almost obvious. Indeed, using the elementary relation e* >
I+uvVueRwegete ™ 21-x;ol—-e<x,j€{l,..,n}>

n n
ij(l —e M) < ijxj =m,
j=1 j=1

To prove the last inequality (2.1), according to notations and hypothesis, we have to minimize
n
Ma() = My () = ) py(1 = e79)
=1

subject to
x; =0, Z?:l pjXx; = my, = const,,

wherep; >0,j = 1,2,..,n, ¥7_;p; = 1. Obviously, the function M,, is strictly concave on the simplex defined by
the constraints on x;,p;,j = 1, ...n, as a sum of strictly concave functions. Denote by K,,_; the n — 1 dimensional
simplex

n
Ky 1= {x = (x1,...,%,) ER™; x; 2 0, Z P = = const.}
J=

It is easy to show that the set Ex(K,_;) of all extreme points of K,,_; is given by
Ex(Kn—l) = {61, e en}'

e, = (ﬁ,o, ...,0), .y = (0, ...,o,ﬂ>
(4]

Pn
Thanks to minimum principle for concave functions, for any x € K,,_;, we have

M, (x) = min{M,,(e;), ..., M,,(e;)} =

. _ . . Dbj - . . bj
min p; (I —e™™/Pi) = m, min -~ (1 - e~ ™/P) = m, min¢ (L),
I<jsn Isjsnm, Igjsn’ \my,

because of M, (e;) = p;(1— e~ ™/Pi) =m,p (Z—’)] =1,...,n. Here ¢ is the function from Lemma 2.1. On the

other hand, by increasing monotony of ¢, we obviously have

. min p _ min p,
p ko, . p k
J > Isksn Jj = 1,..n> min @ J ) — ® I<ksn
m, m, Igjsn’ \my, m,
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From the last relations, it results

min py my
Mn(x) > myQ@ <151;jl—n> ( min pk) (1 —e 1<k<npk>’

n Isksn

as claimed. Moreover, we have
Pipm , .
Ma(e1,) = map (32) = min{M,(er), .., Mae)} = _inf M, (0

ifand only if p; = 1"3(”1 Pr, according to Lemma 2.1. Namely, ¢ is increasing, so its minimum value on the finite
<ksn

subset {:l—l :l—“} is attained at the smallest element of this set, which is Pim On the other hand, from minimum
n n

Mmn

principle for concave continuous functions, it results, as we have seen, that i,?f M, (x) =
XE€EKn_1

min{M, (e;), ..., M, (e,)}. Note also that M, is strictly concave, as a finite sum of such functions. Application of
Carathéodory's and Jensen’s inequalities, having in mind when equality occurs, lead to the fact that any
minimum point of M,, over K,,_; must be an extreme point of this simplex. This concludes the proof. |

Proof of Theorem 2.2. In this case the constraints x; = 0,j = 1,...,n, X7_; p;jx; = m, define a closed convex
unbounded subset C of R™. The idea of the proof is to reduce the problem to that in Theorem 2.1, by writing

n
C:U{xz(xl,...,xn)E]R’l;z_ pjszmn+p}=UKn_1‘p,
p=0 J=1 p=0

where K,,_; , = {x=(xg, 0, xn) € RY; X pjxj = my + p } is a convex compact simplex of the type used in the
proof of Theorem 2.1. Applying the latter theorem, one obtains

mu+p
inf M, (x) = (mm pk) <l—e 1<k<np">

X€Kn_1p

where

n

M) = Moz, 20) = ) py(1 = ™)

j=1

It results
- Mntp
—_ < <npk =
|nfM (x) = |rlfxe|gf1pM (x) = |nf (17<nkl<r£lpk> (1 e 1sk >
___Mn
— e 1%m Pk
(i) (1 287)

This concludes the proof. O

Proof of Theorem 2.3. The first inequalities (2.2) are similar to the first inequalities (2.1). Indeed, we have

Z Pn (1 - e_xn) < Z PnXpi=m < (Sup pn) (Z xn) < oo
n=1 n=1 nzl

nz1
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To prove the last inequality (2.2), consider an increasing sequence (m,),»; converging to m and for each n let
K,,_; be the n — 1 dimensional simplex defined in the proof of Theorem 2.1. According to the last inequality of
the latter theorem one has

Mn
. _ . _ o TR Pk
inf an(x) = (lrgcglpk) (1 e Isk )

XEKp_

Now the proof of Theorem 2.3 follows passing to the limit. Namely, it results:

[ee)
Xn ZO,nzl,anxn =m=

n=1

o n
an (1—e*) = lim ij (1-e %) >
n—-oo
n=1 j=1
- limn i
lim (min p].) <1 —e lsksnpk) = <I|m (min pj)) I—-e 1sjsnt) ) =
n-ooo \I<js<n n-oo \I<js<n
__m_
<inf pn) (1 —e ;nzgpn>
nzl1

This concludes the proof. O

Remark 3.1. From the preceding proof we see that Y, _;p, (1 —e™n) is minimized by a product of two
sequences (of positive numbers), one of which is decreasing, while the other one is increasing with n. It
follows that such type results are not trivial.

Proof of Theorem 2.5. Using the elementary inequality e” = 1 +r for allr € R, we infer that for any natural
number n > 1 the following relations hold

et >] —xue0<l-e*™<xu VueoclU)=>1—-e*V <x,U
On the other hand, conditions a(T;,) < [a, b] € (0,) leads to 0 < T, < bl,n € N,n = 1. It results
Z T.(I — exp(—x,U)) < (Z ann> U<bl (Z xn> U=bUEY,
n=1 n=1I n=1

This proves the first inequality in the statement. Let fix a natural number n = 1 and for an arbitrary u € ¢(U) and
j €{1,..,n} define

uxj

O j(X) = @y (X7, e, x) =1 — 7,

n
XEK, ;= {x € R"; X = 0,j= l,...,n,zl lxj = mn}
]:

where m, T 1,n T . Obviously, ¢, ; is concave as a function of x = (x3, ..., x,),j € {1, ...,n}, so that for any 1 €
[0,1],u € o(U), we have

00 j (@ = Dx + Ay) =1 — e U@+ > (1 - D), (x) + 29, () =

A-MDI-e™DN)+A1 —-eWi)uea() =
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I — e—((l—l))x]-+)»yj)U > (1 _ }L)(l _ e—ij) + /1(1 _ e_ny),j € {l, ...,Tl}

Since T; are positive (commuting) operators in Y, it follows that x - T;(I — e V) is concave on the n — I-
dimensional simplex K,,_; © R™. Here we take as p; from theorems 2.1, 23, p; =1,j > 1= }7_;p; =n # 1.One
can see that condition ¥7_; p; = 1 is not used in the last inequality (2.1) (see the proof of Theorem 2.1). On the
other side, the finite sum of concave operators is concave. According to the minimum principle for concave
mappings (based on Carathéodory’s theorem) and Jensen's inequality (discrete form), it results

Isksn

n n
Z T, (I—e™Y) > inf T, (1—e™Y) | (e) = Jinf T, (1 —e7™Y) =
j=1 j=1

(I — e~™n) (linf Tk)

<ksn

where Ex(K,_;) ={ej, ...,ex} = {(m,,0...,0), ..., (0, ....,0,m,} is the set of all extreme points of K,,_; . On the
other side,

(I —e™) (U —e | = sup [e™ —e ™| <
u€a(U)

sup le™™ (I —myu| < (I —my)|U|l » 0,n > o,
u€o(U)

where 7 is between m,, and 1. Thus

m,T1= Iirrln(l —e M)y =] -7V

(here the convergence holds with respect to operatorial norm on Y and is uniform with respect to u € a(U)). To
conclude the proof, we pass to the limit, using the last equality from above and elementary theorems on self-

adjoint operators [7], [8] (such as pointwise convergence of the sequence (ligf Tk) (see [7 ] and Theorem
sksn nx1

2.4 from above)). It results
> n
z T, (I — exp(—x,U)) = lim ZTj (1 —eY) >
n=1 n =

im (= e (L ipf i) = 0 = e (nf )

n—oo

The convergence is pointwise. This concludes the proof. m

Proof of Corollary 2.1. Since w = inf(c(U)), forallu € o(U) we have I —e ™ >1—e™®. Integrating
with respect to the (positive) spectral measure dEy, on the spectrum a(U), it results

I —exp(—U) = f I-e™dEy; =2 (1 —e7?) j dEy = (1 —e™®)I
a(U) a(U)

On the other hand, the hypothesis a(T;,) < [a, b] c (0, ) for all n € N,n > 1 leads to

T, = al VnZl,nEN:ingTHZal
nz

Thus (I —e™Y) (irlg Tn) > (1 — e~®)al. The conclusion follows thanks to Theorem 2.5. |
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4 Conclusions

Section 2 is devoted to constrained optimization (or finding lower bounds) of finite and infinite sums of concave
elementary transcendent functions. An example related to Theorem 2.3 is sketched. In the end, an operator-
valued mapping constrained minimization problem is solved (Theorem 2.5). The first aim of the paper is to
minimize and evaluate the unknown mean of a random variable, in terms of the given (known) mean of a related
random variable. Most of the results can be completed by adding the corresponding programming and
computational methods. Numerical methods and examples related to Corollary 2.1 could illustrate the
applicability of Theorem 2.5. Such results are closely related to computing the greatest and the smallest
eigenvalue of a positive definite symmetric matrix with real entries.
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