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Abstract

In this review paper, generally known results on a version of global Newton’'s method for convex increasing or
decreasing functions and operators, as well as afferent examples and applications, are recalled. Connection with
the contraction principle is discussed in detail and applied to approximate AA’/PP, Where AA is a positive
invertible symmetric operator acting on a finite-dimensional Hilbert space, and pp > T is a real number. Two
numerical examples for 2 x 2 symmetric matrices with real coefficients are given. Some other nonlinear matrix
or scalar equations are solved approximately.
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1. Introduction

The aim of this review paper is to emphasize a global Newton like method, which works only for increasing (as
well as for decreasing) convex functions and operators. The theoretical results are recalled and numerous
examples are illustrating the way of applying them. The connection wit contraction principle plays a central role.
Namely, we approximate the positive root A'/? of an arbitrary symmetric operator A acting on the finite
dimensional Hilbert space H, with the spectrum o(4) c (0, ), when pp € (7, ) (see [4]). The approximation of
the solution under attention is done by means of contraction principle, applied to a contraction operator
(defined by means of Newton's method), having the contraction constant equal to (pp — 7)/pp. If Uis the
positive solution under attention, then clearly U verifies the equation P(U) :== U? — A = 00. Some related
numerical examples are given as well. Recall that Newton’s method can be used to approximate iteratively the
solution of the equation

PP(x) =0

where P is a function or operator satisfying certain conditions (see the following results and examples). In some
cases, the iteration xx,,,+; = p@(x,x,),nn € NN of Newton's method can be done by means of a contraction
mapping @¢. In such cases, the evaluations of the norms of the errors given by contraction principle could be
better than those ensured by Newton's method. For example, if pp from the above example is close to 7, then
the second approximation of the solution furnished by contraction principle is good enough (see the last result
and example in the end of the paper). For other types of equations see [7]. Completions and modern approaches
are outlined in [1], [2], [3], [6], [8]. Being given a Hilbert space HH, and a symmetric linear operator AA from H
H to HH, the construction of a commutative algebra YY = Y (4), (which is also an order complete Banach
lattice) of symmetric operators acting on H, is Hstudied in detail (see Section 2 and the monograph [5]). This
space of symmetric operators (in particular of symmetric matrices) plays a central role in the present work. The
rest of this article is organized as follows. Section 2 mentions briefly the methods applied in the sequel. Section
3 is devoted to the main known results on the subject and is divided in subsections. Section 4 concludes the
paper.

2. Methods

The following methods are used along this paper

1) Newton method for convex increasing (or decreasing) functions and operators.
2) Elements of theory of symmetric operators acting on a Hilbert space. Namely, let HH be an
arbitrary Hilbert space and AA a symmetric (linear) operator acting on HH. Define
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Y, ={VeES;AV=VALY =Y(A) ={U €Y;; UV =VU VV € Y;}
Y,={U€Y; <Uhh>=>0Vh€H}

Then Y is clearly a commutative real algebra of symmetric operators. It is also an order complete real

Banach lattice (for details, see [5]). Here § is the real ordered space of all symmetric operators acting
on H.

3) Contraction principle and related successive approximation method.
3. Main Text
3.1. General type results
Let X be a 0 — order complete vector lattice, endowed with a solid QX| < |y| = ||X|| < ||y||) and 0 — continuous
norm (Xn —>in order X :>||Xn - X|| — O) Let Y be a normed vector space, endowed with an order relation
defined by a closed convex cone. For a,be X,a<b, we denote [a, b]: {X e X,as<x< b}. Pet
Pe Cl([a,b],Y). In most of our applications, we have X =Y, where Y is an order complete Banach lattice
of selfadjoint operators, that is also a commutative algebra (see [5], p. 303-305) and Section 2 above).
Theorem 3.1 Additionally assume that for each x x € [a,b],3 [P'(x)]_1 €L,.(Y,X) and that

as<x<bh= P’(a)s P'(X)S P'(b). If P(a)< 0} P(b) >0, then there exists a unique solution X' of the
equation P(X)z 0, where

X* = inf x, = lim Xy, Xo =b, X1 = X —[P"(x )] [P(x )] k  N. (1)
Moreover, we have
a<x"<bh, ka —x*| < H[P'(a)]_lu-”P(xk )| —o. @)
Proof. Using induction upon K, we prove that
P(X()=0, X,3 < X, keN. 3)

The last relations (1) and the convexity of P, yield
P(xo)=P(b)> 0, P(xy;1) > P(x )+ [P'(xi X1 = X ) = P(xy )= P(x ) = 0
Hence P(X )>0 vk e N. These relations lead to
X =X = PO ) POG I < 0= xiq <% Wk eN.
We derive the following useful relations
P(a)<0, - P(x)< 0= 0> [P'(x )] (P(a) - P(x )=
[P ) (P a—x ) =a—x = x =a, VkeN.

Using the hypothesis on the space X, there exists X" defined by the first relations (1), and from (3) we infer

that the sequence (Xk )k is decreasing. Passing through the limit in the recurrence relations (1) one obtains

el 0= ple)-o.
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From the assumptions on the positivity of P(b), —P(a), and from the definition of X*, we infer that

a<x" <b. Inorder to prove (2), one uses the convexity once more
P(x, )=P(x, )- P(x* )2 P’(X*Xxk - x*)z P’(a)(xk - x*):>
[P'@)](P(x )= x —x* =0= ka - X*H < H[P’(a)]‘lu-”(P(xk )| keN.

The uniqueness of the solution follows quite easily:
1
0= P(xf)— P(x’z")z P’(x’z" Xxf —~ xz): 0> [P'(x;‘ )T (P'(xz Xxf — X5 )): X; — X5.
Similarly, we can write: 0 > X, — X;, hence X; = X,. o
The corresponding statement for convex decreasing operators holds.

Theorem 3.2 Assume that for any Xe [a, b] there  exists [P'(X)]_l such  that
- [P'(X)]_l(Y+)C X, asx<bh= [P’(X)]_l > [P'(b)]_l. if P(@)>0, P(b)<O, then there exists an
unique solution X" €]a,b[ of the equation P(X) =0, X" being given by

X* =supx, = lim x,, Xg = a, Xy1 = X —[P'(x )] (P(x ), k eN.

Moreover, the sequence (Xk )k is increasing and the convergence rate is given by the inequalities

ka - X*H < H[P’(b)]_lu [P(x )| k e N.

3.2. Direct consequences

During this Section we mention some applications of the general theorems of Section 2. The difficulties consist
only in technical details concerning verifying conditions from general theorems. That is why we do not prove all
the statements.

Theorem 3.3 (see also [7]). Let H be a finite dimensional Hilbert space and X =Y the commutative algebra
defined in [5], p. 303-305 and in Section 2 of the present paper. Let

BjeX,,je{0L...n},By>0,B, >0

be such that
n
By <Y B
j=1

and nB,U" 1 + .-+ 2B,U + By is invertible for all UU € [0,1I]. Then there exists a unique
U,0<U <, such that

B,B,U™ + -+ B,U — B, = 0,

and this solution verifies in particular the relation

n
-0]<[3 8, -8,
=1
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Proof. The space X is an order-complete Banach lattice and a commutative algebra of symmetric operators.
Let

P:[0,1]c X, = X
be defined by
P(U) =B, U™+ -+ B,U - B,

One can show that the operator P, (U): U" is convex on X (see [7] for details). Now it follows easily that

P is also convex on X, since all the coefficients By, € X, and all the operators in X are permutable. On

+
the other hand, we have

P'(U)(V) = (nB,U™ ! + -+ 2B,U + BV =

[P'(WN]Y(V) = B, U™ + -+ 2B,U + B))"*V,vV, U € [0,1]

We also have

[PP(N]"1=20,0<sU<I=P )V =BV<
(anUTl—l + A + ZBzu + Bl)V S (an + cee + ZBZ + Bl)V —

P'(0) < P'(U) < P'(I) YU € [0,1]

Due to the hypothesis, we infer that
n
P(0)=—By <0, P(I)=> B, —By >0,
k=1

so that all requirements of Theorem 3.1 are accomplished. It follows that there exists a unique solution
U €]0, I[ of the equation P(U ) =0, that verifies the following relation (for kk = 0 in Theorem 3.1)

11 =Ull < IP"OI7 M- IPON = IIBLHI - 1By + -+ + By + Boll

Now the proof is complete. o

Theorem 3.4. Let H, X be as in the preceding theorem, o >1, B € X such that the spectrum
S(B) c]in (0{), oof. There is a unique solution U €]0, I[< X of the equation

exp(BU)-al =0
and this solution verifies in particular the relation

1 -0 <[87|-lexp B~cl.

The next result is an application of the scalar version of Theorem 3.2, when X =Y =R.
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Proposition 3.1 Let «, 3,y > 0 be such that
1-a-exp(-a)-B<y<Ll.

Then there exists a unique solution X" €]0[ of the equation

exp(—ax)— fx—y =0

and we have

O<x*<— 27 o 471
aexp(-a)+ p

Theorem 3.5. Let H be a finite dimensional Hilbert space, and X the space defined in [5], p. 303-305. Let
A, B,C e X be such the spectrums of A and B are contained in ]0,oc[. Assume also that

exp(—,&)—B<C <.
Then there exists a unique solution U €0, I[ of the equation
exp(— AU)-BU -C =0

and the following estimation holds true

V] <

[Kexp(— ,Z\)+ BFH 1-C|—>0,C—>1

Proposition 3.2. There is a unique solution X" €]3/2,2[ of the equation

2x3 —4x% +1= 0,
and this solution verifies
2 _ar <x"<2.
152

Theorem 3.6. Let A be a symmetric operator acting on a finite dimensional Hilbert space, with the spectrum
S(A)C [3/ 2,2]. Let X =Y = X(A) be the space defined in Section 2. Then there exists a unique operator

U e X such that
20°-4U%+1=0

and the spectrum of this operator verifies the following relation

- 27
s(u)c]z—ﬁ,z[

3.3. Approximating AY P, p >1; connection to contraction principle

Let H be a finite dimensional Hilbert space, A a symmetric operator acting on H, with the spectrum

S(A) cJ0,o0[, X = X (A) is defined in Section 2, as being the associated commutative algebra and order
complete Banach lattice dicussed in [5], p. 303-305. We denote

wp = ianhH:1<Ah’ h), QA = SUthH:1<Ah, h>
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Theorem 3.7. Let A be as above, Ag Sp{l }, p>1 peR. There exists a unique operator
U, e]a)/la\/pl,Ql/A{pl[suchthat

p —
Up-A=o,

and this solution verifies the relations

1/p 1 1/p Q(AIM)/IO 1 1
871 U] < lnl - AL U, - 1] <= at - A7
A

Corollary 3.1 With the above notations and assumptions, we have

INQ,—Inw, swiA”QAl —A||+QAHa);\1| —A—lu.

Remark 3.1 If in the recurrence relation of Newton’s method

. -1

X1 = 2% ) 9(x):= x = [P'(x)] " (P(x))
the mapping ¢ is a contraction, the rate of convergence of the sequence (Xk )k is given by contraction
principle. Next, we show that this is the case of the operator P(U)= UP — A, which leads to the positive
solution U p= AP,
Theorem 3.8. (see also [4]). Let P, A, X be as above. Then the Newton recurrence for the equation
PU)=UP-A=0
is
-1 1

UO =Q];A{p|, Uk+l=(p(Uk)=pTUk +5Uk_p+lA, k e N.

The convergence rate for U, — AP s given by

-] 52 -z, wen

Proof. Newton's sequence for the convex operator P is
1 4yt
Ug=b=0,"1,U 1 =U, —(pukID ) (ukp —A):
U, —luk‘IO+1+IO +1Uk‘p+1A=p—_1uk +1uk‘p+1A=(p(uk), keN.
p P p P

Let
M=l ex;u>AlP|

here the root is obtained by the aid of functional calculus for A. Clearly, M is closed in X, hence itis complete.
Let @ : M — X be defined by
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(D(U):pT_lU +%U‘p+1A, UeM.

A straightforward computation shows that (D(All P )= AYP First we show that
S(U)C]O, o= (p(U)e M;

(in particular this proves that ¢(|\/|)C M ). One can show that ¢ is convex on the subset of all operators in
X having the spectrum contained in the positive semiaxis. In particular, ¢ is convex on M. Direct
computations yield

1/ | AL/ 1/ 1/

o) gAY )+ (AP Ju - AP )= AP,

Thus q)(U)e M for all U with spectrum S(U)C]O, oo[. Now we prove that @ : M — M s a contraction,
with contraction constant ( = p_—l Precisely we prove that

||(p'(u)||spT_1, YU e M.

Indeed, we have

L —U‘W‘s||l||=1:>||¢)'(u)||spT_l, UeM.

¢'(u)||=pT_1H| —U‘W‘;u eM=>UP>A=1-UPA>0=

Now the conclusion on ¢ being a contraction follows by a standard differential calculus argument. Application
of contraction theorem and an elementary computation shows that

k
e O Oy B e G (R P

This concludes the proof. o

Numerical examples

1) W imat 2 2
e approximate ) 5

Therefore, simple recurring approximating sequences of the matrix from above might be difficult to find. We

1/(In6)
j , evaluating the norm of the error. Notice that IN(6) is not an integer.

2 2
apply the previous Theorem 3.8. Consider the linear symmetric operator A defined by the matrix [2 5],

applying R? onto itself. The spectrum of A is (A) ={L1,6} =]0,0[, and A is not contained in Span{l}, so
that all conditions of theorem 3.8 are accomplished. Applying the latter theorem to p = In(6), one obtains the
following two approximations of AL/(n6).

1/(In6) 1/(In6)

_ 6In6-4 2
l:In6 1U0+ 1 UEeA e .
In6 In6 6-(In6) 2 6In6-1
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For the evaluation of the norm of the error corresponding to the second approximation U, , the last relation in

the statement of Theorem 3.8 is applied, where k =1, p =1In6. One deduces

In6-1
Uy = AT ) < Z==6100 |1 - (U6)All=

1 1 2/3 -1/3
=|1-— B B=1-|=|A= .
In6 6 ~1/3 1/6

The spectrum of the matrix B is 65 ={0,5/6} < [0,00[ and B is symmetric, so that || B ||= Qg = g . Thus

U, — A0 < (1—ije§ s(l—ij-zjzé 1
In6) 6 1.8 6 135

The conclusion is

attney _ (2 e (BIn6-4 2 U
2 5 “6-(n6)l 2 6IN6-1) '

. o 1
and the norm of the error in the latter approximation is smaller than 1+E.

2 2 1/(n1/n)
2) Next we approximate (2 5} ,heN, n>2, evaluating the norm of the error. Using the notations

and some of the results for preceding Example 1), and applying Theorem 3.8 to the X =Y = Y(A) defined in
Section 2, associated to the operator (or matrix) A, we find:

1/n

1-n
1/(n1/n) _1 1/(nl/n) 1 1/(n1/”)
Uy(n)=6 l (n)_— | +——A 6 | =

n
» 1/n) 1_n1/n 1_nl/n
n 1/ 1/
1| (n"-16 +2.6 0" 2.6m"
r];]_/n l_nlln 1_n1/n '

l/n)

(n"—16 " ) 45.6n

1/n 1/n

2:6"

1/(n1/n)
Thus (2 5] ~U,;(n) and the norm of the error follows from the last evaluation in the statement of

Theorem 3.8

| ATy ) < T =Lt W“%

Applying the result from Example 1) for ”I - éA”, the latter relation further yields

nl/n _1

1/n
AYTD) _u (n) || < :
[ 1M RTINS

<5(n'"-1) >0, n—>w

The conclusion is that for large n, the second approximation Ul(n) is good enough.
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4. Conclusions

We have reviewed and applied some of our earlier results on Newton like method for convex increasing (or
decreasing) operators (and, in particular, for convex monotone functions), having continuous first derivatives.
The method is illustrated by means of examples involving concrete equations. The strength of the method
consists in its global character, while the weakness is that is applicable only for convex functions and operators.
This is a review paper, completed by two new numerical examples.
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