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Abstract

In This Paper We Describe Operator Systems And Elementary Operators Via Tensor Products. We Also Discuss
Norms Of Elementary Operators.
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Introduction

Spectral Analysis Is One Of The Important Directions Of Functional Analysis. The Development Of Physical
Sciences Is Becoming More And More A Challenge To Mathematicians. In Particular, The Resolution Of The
Problems Associated With The Physical Processes And, Consequently, The Study Of Partial Differential Equations
And Mathematical Physics Equations, Requires A New Approach. The Method Of Separation Of Variables In
Many Cases Turns Out To Be The Only Acceptable, Since It Reduces Finding A Solution To A Complex Equation
With Many Variables To Find A Solution To A System Of Ordinary Differential Equations, Which Are Much Easier
To Study. In This Paper We Use Tensor Products To Characterize Elementary Operators Which We Describe In
This Section In Details. The Field Of Analysis Has Been Very Interesting Especially On The Study Of Elementary
Operators For Many Decades. Sylvester In 1880s [10], Computed The Eigenvalues Of The Matrix Operators On
A Square Matrix. This Work Has Been Of Great Concern Especially In The Applications Of Operator Theory And
Functional Analysis. Later, Lumer And Rosenblum [5] Described The Elementary Operator From A Mapping T: A
— A If It Can Be Expressed As T: B(H) — B(H) By Tai si(X) =3MNi=1Ai X Bi ¥ X € B(H) And V Ai, B; Fixed In B(H) And
1 <1 < N. The Study Of Operator Theory Has Been Significant Dating Back Many Decades Ago. Some Research
Has Been Done Though Not Exhaustive. Studies About Elementary Operators Have Been Of Much Concern. We
Define An Elementary Operator T: B(H) — B(H) [6] By Taigi(X) =3MNi-1Ai X Bi ¥ X € B(H) And V A, B; Fixed In
B(H) Where | = 1, ..., N. [3] From This Operator, We Can Define The Generalized Adjoint By Ta si(X ) =YMNi=1A* X
Bi* And We Say That T Is Normal If And Only If T T*= T*T. Now AC = CA, BD = DB, Together With AA*= A*A,
BB*= B*B, CC*= C*C And DD*= D*D Ensures That The Operator T, g(X) = AXC + BXD Is Normal. Some Of Our
Results Show That; If T € B(H) Be A P-Hyponormal And T = U |T | Be Polar Decomposition Of T Such That U=
U* For Some Positive Integer NO Then T Is Normal. Moreover, If T € B(H) Be A P-Hyponormal Ant T = U |T | Be
The Polar Decomposition Of T Such That UN—-1 Or Un— 1 As N — oo, Where Limits Are Taken In The Strong
Operator Topology. Then T Is Normal. For An Operator A To Be Normal, It Is Also Necessary That A = A*. It Is
Sufficient That For An Operator A To Be Normal Then The Condition AA* = A*A Holds. This Knowledge Is
Important Especially In Quantum Physics Especially The Formulation Of Heisenberg Uncertainty Principle For
Linear Transformations And Non-Zero Scalars Such That AX — XA = Ai. The Study Can Also Be Used In The
Solutions Of Schr "Ondinger Wave Equations Since The Infimum Of The Hamiltonian Operator Is Always An
Eigenvalue And Its Corresponding Eigenvector Are Called The Ground State Energies E Giving Us A Formulation
Of E As (Ecs, ng). Over The Past Years, Several Scholars Have Joined In Research To Describe Several Properties
Related To The Structure Of The Elementary Operators. In [11] They Described Sylvester And Lyapunov Operators
In Real And Complex Matrices Which Included In Particular Cases Operators Arising From The Theory Of Linear
Time Invariant System. Fanqyan [30] Described The Multiplicative Mappings Of Operator Algebras. They
Described The Nest Algebra As Being The Natural Analogues Of Upper Triangular Matrix Algebra In The Infinite
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Dimensional Hilbert Space. Gheondea [1], Described The Normality Of Elementary Operators Based On The
Spectral Theorem For The Normal Operators. This Study Postulated That If N € B(H) Is A Normal Arbitrary Such
That AN = NA Then AN*= N*A As Well Is Normal. This Shows That That If A, B € B(H ) Are Two Normal Operators
That Commute And Each Commutes With Its Adjoint, Then Their Product Is AB Is Normal. The Study Further
States That If A And B Are Bounded Operators Such That AB Is Normal And Compact, Then BA Is Normal And
Compact As Well And Sk(AB) = Sk(BA) For All K = 1, 2, ... In This Paper We Describe Operator Systems And
Elementary Operators Via Tensor Products. We Also Discuss Norms Of Elementary Operators.

Preliminaries
In This Section We Give The Preliminary Concepts Which Are Useful In The Sequel.

Definition 1. A Norm Is A Non-Negative Real Valued Function That Takes The Elements Of A Vector Space To A
Field Of Real Numbers Denoted By II.Il: V — R Satisfying The Following Conditions:

(1) Non-Negativity: Xl 2 0,V X € V.

(li.) Zero Property: lIXIl = 0, If And Only If X=0, For All X € V.

(lii.) Homogeneity: IAxIl < JA[lIIXIl, v X e VAnd A € F

(Iv.) Triangle Inequality: IX + YII < IXI + Y, Vv XAnd Y € V

The Pair (V, II.Il) Is Called A Normed Linear Space.

Definition 2. Let H Be An Infinite Dimensional Complex Hilbert Space And B(H) Be An Algebra Of All Bounded
Linear Operators On The H . We Define An Elementary Operator T : B(H) — B(H) By Tai gi(X) =XM-1Ai X Bi V X €
B(H) And V A, B; Fixed In B(H) Where I = 1, ..., N. Examples Of Elementary Operators Include:

(I). The Left Multiplication Operator La: B(H) By: La(X) = AX, ¥X € B(H).

(l). The Right Multiplication Operator Rg: B(H) By: Rg (X)=BX, vX € B(H).

(lii). The Basic Elementary Operator (Implemented By A, B) By: Ma, 8 (H) = AXB, ¥X € B(H).

(Iv). The Jordan Elementary Operator (Implemented By A, B) By: Uag (X)=AXB + BXA, VX €B(H).

(V). The Generalized Derivation (Implemented By A, B) By: Az = La — Re.

(Vi).The Inner Derivation (Implemented By A, B) By: A, = AX - XA.

Definition 3. Let H Be An Infinite Dimensional Complex Hilbert Space And B(H) Be The Algebra Of All Bounded
Linear Operators On H. We Define An Elementary Operator, T : B(H) — B(H) By Tai si(X) =YNi-1Ai X Bi V¥ X € B(H)
And V A;, Bi Fixed In B(H) Where | = 1, ..., N. From This Operator, We Can Define The Generalized Adjoint By
Tai gi(X ) =3Ni-1A* X Bi* And We Say That T Is Normal If And Only If T T*= T*T. Now AC = CA, BD = DB,
Together With AA*= A*A, BB*= B*B, CC*= C*C And DD*= D*D Ensures That The Operator T, si(X ) = AXC + BXD

Is Normal. Therefore, The Elementary Operator Of The Form: T, si(X ) =3Ni-1Ai X Bi Where Ai And B; Are
Commuting Families Of Normal Operators Are Called Normally Represented Elementary Operator.

Next We Give In Details Some Definitions And Concepts From The Theory Of Multiparameter Operator Systems
Necessary For Understanding Of The Further Considerations.

Let The Linear Multiparameter System Be In The Form:

B, (A)X, = (By, + > 4B, )% =0,
i=1

k=12,..,n
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Where Operators B, ; Act In The Hilbert Space H;

Definition 4. [1,2111 A= (4, 4,,...,4,) €C" Is An Eigenvalue Of The System (1) If There Are Non-Zero Elements
X, €eH,, i=12,..,n Such That (1) Is Satisfied, And Decomposable Tensorx=x ®x, ®..®x,Is Called The
Eigenvector Corresponding To Eigenvalue A = (4, 4,,...,4,) €C".

Definition 5. The Operator B, Is Induced By An Operator B; Acting In The Space H;, Into The Tensor Space
H=H, ®..®H,_, If On Each Decomposable Tensor x = x, ®...® x, Of Tensor Product SpaceH =H, ®..® H,Z We
Have B X=X ®..Qx_, ®B,;x ®X,, ®..®x And On All The Other Elements OfH =H, ®..Q H  The Operator

B, Is Defined On Linearity And Continuity.

Of The System (1) If There Is A Set Of Vectors {xil,i2 ..... i } cH,®---®H,, Satisfying To Conditions

+

Bgl(/l)x + BlTiX X +..+ Bn,ixsl,,..,sn,l,sn—l =0 . Xisl,sz ..... Sy =0 B When Si <0 (2)

15,5 11115 S 1,850

0<s, <m,r=12,..,n i=1.,n

For The Indicess,,s,,...,s,In Element(x , ;)cH,®--®H_ There Are Various Arrangements From Set Of

]

Integers On N with 0<s, <m,,r=12,..,n, .

Definition 6. In [1,3, 11] The System (1) Is An Analogue Of The Cramer’s Determinants, When The Number Of
Equations Is Equal To The Number Of Variables, And Is Defined As Follows: On Decomposable Tensor
X=X ®..®Xx, Operators A; Are Defined With Help The Matrices

(243 [24] a, o,
BO,lxl Bl,lXZI. BZ,lxl Bn,lxl
Zn:aiAi X == ® BO,ZXZ Bl,ZXZ BZ,ZXZ Bn,ZXZ (3)
i=0 BO,3X3 Bl,3X3 BZ,3X3 Bn,3x3
BO,an Bl,an Bz,n Bn,n

Where a,,a,,....a, Are Arbitrary Complex Numbers, Under The Expansion Of The Determinant Means lIts
Formal Expansion, When The Element x=x ®X, ®..®X,Is The Tensor Products Of Elements x,,X,,...,X, If
a, =10, =0,i=k, ,Then Right Side Of (10) Equal To A, x, Where X=X ®X, ®...® x, On All The Other Elements
Of The Space H Operators A, Are Defined By Linearity And Continuity. E,(s=1,2,...,n) Is The Identity Operator
Of The Space H,.Suppose That For Allx =0 , (AyXx,X) > 5(x,X), 6 >0, And All B, Are Self adjoint Operators In
The SpaceH,. Inner Product [..] Is Defined As Follows; If x=x®x,®..®x, And y=y,®Y,®..0Yy, Are
Decomposable Tensors, Then[x,y]=(A,X,y) Where(x;,y;) Is The Inner Product In The Space. H, On All The

Other Elements Of The Space H The Inner Product Is Defined On Linearity And Continuity. In Space H With
Such A Metric All Operators T, = A;*A, Are Self adjoin

Definition 7.( [7],[8] [10]). Let Two Operator Pencils Depending On The Same Parameter And acting In, Generally
Speaking, In Various Hilbert Spaces Be As Follows
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A=A +AA + A +..+A"A,
B(1) =B, +AB, + A’B, +...+ A"B,

Operator Res(A(1),B(4)) Is Presented By The Matrix

A ®E, A®E, . A®E, .. 0
0 0 .A®E A®E, .. AG®E,

E,®B, E®B . E®B, . 0
.E®B, E®B, .. E®B,

Which acts In The (H; ® H,)™™ - Direct Sum Of n+m Copies of The Space H, ® H, In A Matrix (4),The Number Of
Rows With Operators A Is Equal To Leading Degree Of The Parameter A In Pencils B(1) And The Number Of
Rows With B; Is Equal To The Leading Degree Of Parameter AIn A(A). The Notion Of Abstract Analog Of

Resultant Of Two Operator Pencils Is Considered In The[7] For The Case Of The Same Leading Degree Of The
Parameter In Both Pencils And In The [2]For, Generally Speaking, Different Degree Of The Parameters In The
Operator Pencils.

Theorem1 [7, 8]. Let For All Operators Bounded In Corresponding Hilbert Spaces, One Of Operators A, Or B,
Has Bounded Inverse. Then Operator Pencils A(1) And B(1) Have A Common Point Of Spectra If And Only If

Ker Res(A(2), B(1)) = {9}

Remark1. If The Hilbert Spaces H, And H, Are The Finite Dimensional Spaces Then A Common Points Of Spectra
Of Operator Pencils A(4) And B(4) Are Their Common Eigenvalues.(See [6], [7].)

{B/(2) =By, + 4B, +..+ 4B, ;, i=12..n

B, (1) - Operator Bundles Acting In A Finite Dimensional Hilbert Space H, Correspondingly. Suppose That
k, >k, >..>k . In The Space H“" (The Direct Sum Of k, +k, Tensor ProductH = H, ®..® H, Of Spaces
H,,H,,...,H,) Are Introduced The Operators R; (i =1,...,n—1) With The Help Of Operational Matrices (3.12) Let
B, (1) Be The Operational Bundles Acting In A Finite Dimensional Hilbert Space H;, Correspondingly. Without
Loss Of copies With

By, B, BI:;,l
0 Bo+,1 Bf,l . Bkt-l.l Bl:;,l ” 0
n 0 0 - Bo+,1 Bf,l Bkt,l
< lB; B, - B, 0~ 0]
0 B(;i Bf,i . B;i,i 0
0 0 ...B(Ii Bf,i Bl::,i
i=2,3,..,n
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The Number Of Rows With Operators B;,,s=0,1,..., k, In The Matrix R, Is Equal Tok, And The Number Of Rows
With Operators B;;,s=0,1,..., k Is Equal Tok,. We Designate o, (B,(4)) The Set Of Eigenvalues Of An Operator
B, (1) .From [5] We Have The Result:

Theorem 2. [9] f]ap(Bi (A)) = {6} If And Only If ﬁlKerRi #1{0}, (KerB,_ ={6}).

i=1
Tensor Product And Operator Systems

Consider The System

kl‘s kn,s
AssX = (A + D AA +t DA+
r=1 r=1
4

s=12,..n

The Parameters 4, 4,,...,4, Enter The System Nonlinearly, And The System (4) Contains Also The Products Of

These Parameters. Divide The System Of Equations (4) Into Groups Ofn In Each Group. If Some Equations
Remains Outside, These Equations We Add By Other Operators From The System (4). Each Group Contains n
Operators And Will Be Considered Separately.

In (4) The Coefficients Of The Parameter A7, r <k ,m=12,.,n Are The Operators A  ;, Which Act In The Space
H;. Indexi Indicate On The Parameter 4, Indexk - On The Degree Of The Parameter 4, .

We Introduce The Notations:
ﬂ“n: = ﬂ'kl+k2+...+km,1+r’ r< km’ m :1’ 2""! n (5)

Further , We Numerate The Different Products Of Variables 4, 4,,...,4, In The System (4) On Increasing Of The
Degrees Of The Parameter 4,. Let The Numbers Of Term With The Products Of The Parameters 4, 4,,..., 4, Are
Equal To r Put Further

j'1ilﬂziz"'ﬂ“|in = (ﬂ'lllﬂézﬂ’rlln )t =j'k1+k2+...+kn+t’ t<r '

Where t<s Is The Number Which Correspond The Multiplier At A*A%..A" The Ordering Of Multiplies Of
Parameters In The System (4). So In New Notations To The Product A'A:..A" Correspond The Parameter
ik1+k2+...+k,,+t' t<r (ﬂil/vf---ﬂir? - ik1+k2+___+kn+t, t <r), Accordingly, Operators

A i =Diigei s T=12,,ns=12,.k;
i=12,..,n

k. =maxk ;,i=12,..k, (6)
A<1,k2...,k,,;i = Dk1+k2+...+km+t,i t=12,..,851=12,..,n

When's Is The Number Of Different Products Of Parameters, Entering The System(4). In New Notations The
System (4) In The Tensor Product Of Spaces H, ® H, ®...® H, Contains k +k, +...+k, +s Parameters Andn
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Equations. Let k; +k, +...+k, =k Then

n k-

r
[ﬂ'kl+k2+...+k,,1+k Dk1+k2+...+k,,1+k,i ]Xi + [z ﬂ'kﬂ Dk+t,i ]Xi:O = 0
r=0 k=1 k=1

b =0, k;=0;,i=12,..n

()

Adding The System (7) With Help Of New Equations So Manner That The Connections Between The Parameters,
Following From The Equations Of The System (4), Satisfy. Introduce The Operators TO,Tl,TZ,'ITO,'I_'o Acting In The
Finite Dimensional Space R? And Defining With Help Of The Matrices

0 1 10 00y = (01
T, = = LT, = , To= ,
10 00 01 0 0

100 ..000 000. 000 0 00O 001

010.. 000 000 .. 000 100 0 00O

001 .. 000 000 . 00O 010 00O
Te,=|{000 .. 000 T, =000.000T, . =001 0 0 0((8

000 ..000 00 0 010

000 ..000 00 . 00 1 888 128

The Number1 Stands On The Diagonal Elements Of The Firsts, Rows Of The Matrix T, .; Diagonal Elements Of

1s,r?

The Rows s, +5S,+...+5_; +1,...,5,+5S, +...+5; Of The Matrix T, Is Equal Also To 1 And So On. Besides, All

LS.

Matrices T, T, T ., Have The Order s, +s, +...+5,.

Ls,r 1 Tk LS, (8,805
Adding The System (7) By The Following Equations

(Tz,n+1 + j'1To,n+1 + ile,nJrl)Xml =0

(ﬂ'kl+k2—2T2,n+kl+k2—2 +ﬂ'kl+k2—lT0,n+k1+k2—2 +

+2k1+sz1,n+kl+k2—2 )Xn+k1+k2—2 =0

(ﬂk1+...+kn,1-2T2 o T 1+...+kn,1—1,OT 0 )Xn+k1+...+k",1—2:0

01+ k
i=1 i=1

(Zk1+...+kn—2T2 + /ik1+..,+kn—lT0 + /ile)Xk =0
x,eR? s>n

9)

(To,t + Til,l +ﬂ'k1+1Tiz,t tot 1+...+kH+1Tin T

_Aw-(il,iz ..... in)(T(il,iz ..... i"))XIZO
t=12,..,r

Denote 4, . The Multiplier A*A%..A" Of The Parameters, Entering The System (4) Having The Coefficient

+(ig g i)

Ai, i, - System ((4),(9)) Form The Linear Multiparameter System, Containing k, +k, +...4+ Kk, +r Equations And
k, +k, +...+Kk, +sParameters. To This System We May Apply All Results, Given In The Beginning Of This Paper.
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Theorem3. [4]. Let The Following Conditions:
A) Operators A, A, InThe Space H; Are Bounded At The All Meaningsi And k.
B) Operator A" Exists And Bounded satisfy:

Then The System Of Eigen And Associated Vectors Of (4) Coincides With The System Of Eigen And Associated
Vectors Of Each Operators T',(i=12,...,n) Given Two Equations From (9). Let The Equations Be:

(Tz + 4T, +ﬂ'zT1)Xn+1 =0

(AT, + AT, + A%, =0 (1O

Let4, #0 N x,, =(a, B) %0 Is The Component Of The Eigenvector Of The System ((4),(9)). We Have

(S Y S L)

AB +A4a =0 B +A4a, =0, /12750;22:]43

Further From The Condition 4 #0,4, #0,%,,, =(2.5,)#0 It Follows4.p, + 4, =0, 45, + 4,2, =0 And
Consequently, 44, =17 Earlier We Proved That 4, = A2, Consequently, 4, = A>.

On Analogy For Other Parameters Of ((4),(9)): If (%,@,---,jkl+kz+,,,+kn+s) Is The Eigenvalue Of The System -((4), (9)),
Then 14 = ﬂ'lA 1o ﬂ’k1 = ﬂlkl 1ot 1k1+k2+...+k,+5 = ﬂlirll r :1’ 2""’ n _1’ S :1’ 2""’ kl’l'

To Each Multiplier Of Parameters (/ijrl"l/ijrzjz /ijrk’k )i = A, t<rltls Corresponded The Equation

(I—O,Hk + ﬂ'lTl,il,kJrl + ﬂkl+lT2,i2,k+t +o.t ﬂ’kl+k2+.,,+kn,1+1Tn,in,k+t -

Consider The Last Equation, In Which

100 ..000
010 ..000
001 ..000

T =/0 0 0 .. 00 Of,.,

o
o
o
o
o
o
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000 000
000 000
000 000
T 00O 000

kg +.+ky g +1,8,,r T

o
o
o -
o
IR
o

0 0 . 1

0 0O 0 01

0 0O 000

0 0O 000

[CE NS 0 00 0 0O

000 ..0 0
0 0 00
0 0O 000
100 00O
010 000
T,=/0 01 ..000
000 ..100

000 1
For Operators, Deﬁning Wlth Help The Matrices Tl,Sl,k+t' T2,Szvk+t1"'1Tn,Sn,k+t !TO

(al' e asl+sz+...+sn) € RSI*&SH N

)a

L+ky +.. 4Ky, 8T

(=To, AT et A o T
k

Consequently,

/,i'klﬁ-lasl-v-sz = asl+sz—1
ﬂ‘ nd asl+sz+“.+sl n1 :asl+52+...+s na -1
13k 1Y 1y h
i-1
i=1 i=l

Hence, A* Ay - A7 = A,.s; S<T.
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For The Obtained Linear Multiparameter System We Construct OperatorA, On Rule (3). The Condition
KerA,' = {9} Means That Operators T} = A,'A, Are Pair Commute[2]. So Operators T, Act In Finite Dimensional

SpaceH And Operators T Have Not The Zero Eigenvalues Then For The Any Eigenvalue

Ky +Ky +.. kg +1

(4 Apsees A ok ) OF The System((4),(9)) And From Equation 2.47 And Equation 2.48 In [7] It Follows That There
Is Such Eigen Element z That The Equalities, I';;z=4,z, i=12,..., k +k, +...+k Satisfy. For Analogy Conditions

We Obtain The Analogy Results For All Groups. We Have The Several Systems Of Operator Polynomials In One
Parameter. We Apply The Results Of [9]. The System Has The Form

Ai,Z zﬂi,sAo,iZ

Ak1+k2+...+k,,1+1,izi = }‘i,sAo,iZi

Theorem 4. Let The Conditions Of The Theorem1 Be Fulfilled Then Operators A ; Have Inverses. Moreover, The

System(4) Has The Common Eigenvalue If And Only If

Ker M (Ay g sk yoni —AsB0i) 0.

Elementary Operators

We Use Tensor Products To Determine The Norms Of Elementary Operators. Details Can Be Found In[11] And
The References Therein. Below Is The First Result.

Theorem 5. Let A, B € B(H) And Uag =A QH B + B ®H A Be Normally Represented Then || Uag Ilinj = 2(¥V2 -
DIAINIBI.

Proof. Let [IAll = IIBIl = 1 And A, B Be Functions On D := (B(H)*), And Uag As A Function On D x D. Taking
Dot Products Of A And B Using A Suitable Scalars Of Modulus 1, We Let A(Xo) = 1 And B(Yo) V Xo, Yo € D. Putting
Aq = A(Xo), And B1 = B(Yo). Then It Gives Uas (Xo, Yo) = 2B1, Uag (Yo, Yo) = 2A, Uag(Xo, Yo) = 1
+ A1Bq1 If |A4] Or|B4| = V(2 — 1). This Completes The Proof. On The Other Hand, If Suppose That |A1] < V(2 - 1)
And |B4| <¥(2 - 1) Then,

|1+ A1B1| > |- (V(2 - 1))*|=2(V(2 =T)) IAIIIBIL.

Corollary 1. Let R =3Ni-1Ai & Bi € B(H) & B(H). Then We Have /IR inj= Sup{//Ai & Bifj: X € B(H)}, IX I = 1 If And
Only If X Is Rank One Operator.

Proof. Let R(X ) =YNi=oAi xBi And [IRllz = Sup{lIRx|l : X € B(H), IX Il =1, And, Rank (X ) = 1}. It Is Known [70] That
Every Rank One Operator X € B(H) Is Of The Form X =V ® "X For All V, X € H Then This Gives

IRlle= Sup{| 3N i=1¢Ai x Bj) =n| 1 IX Il = 1, Rank (X) = 1, IZ Il = [IHIl = 1}

= SUp{IN YI=1¢A;, V, H XB«& Z): IZ Il = IVIl = 1= Il = IIHIl = 1}

= Sup{|3 Ni=1f (A) G(B)|}.

Taking The Last Supremum All Over All Functionals Of The Form F =V ® H, G = = ® Z. For All Elements In The

Product U(H) Of B(H ) Is A Norm Limit Of Convex Combinations Of Elements Of The Form V @ ~ H And The Unit
Ball U(H) Is A Weak Dense In The Unit Ball Of Dual Of B(H). This Implies That [IRllz = IRIlin;.
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Conclusions

Tensor Product [10] Is A Very Important Technique Used In Solving Problems Of Norms In Hilbert Spaces. Norms
Are Very Important Properties Of Operators And Interesting Studies Have Been Directed On Them. The Field Of
Elementary Operators Has Been So Interesting Over The Past Decades And Much Have Been Done. The Norm
Property In Particular Has Attracted Many Scholars But A Lot Can Be Done Further. In Our Study, We Considered
The Normally Represented Elementary Operators. We Recommend That Other Properties Of The Normally
Represented Elementary Operators Can Be Studied Like Numerical Ranges, Positivity And Spectrum. The Norm
Property Is Also Not Exhausted.
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