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Abstract

In this paper, we study some fractional variational problems with functionals that involve some unknown functions and
their Caputo derivatives. We also consider Caputo iso-perimetric problems. Generalized fractional Euler-Lagrange
equations for the problems are presented. Furthermore, we study the optimality conditions for functionals depending

on the unknown functions and the optimal time 7'. In addition, some examples are discussed.
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1 Introduction

The fractional differential equations theory arises in many engineering and scientific disciplines such as mechanics,
physics, chemistry, biology, economics, control theory and signal processing. For instance see, [15, 16, 17, 18, 21, 23,
25, 27].

On the other hand, the calculus of variations can be considered as an optimization branch, it is concerned with
finding extrema. The calculus of variations has many applications in classical mechanics, economics, electrical engi-
neering, urban planning and other fields. For more information and applications, see [12, 13, 24, 28, 29], and we refer
the reader interested in the calculus of variations theory to [12, 20]. The fractional calculus of variations has exhausted
the attention of some authors and an important research papers have been obtained in [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
14, 19, 22, 26, 30].

This paper is devoted to establish necessary conditions of Euler-Lagrange type for the following fractional variational

problem:

Find functions (y;),_y5 ., € C* ([a, b]) that maximize or minimize the functional:
b
T 1) = [ Dl @)oo (@) € D211 (@),
cold DSy (2). DYy (2 Dy () ),
subject to the boundary conditions:
Y (@) = Yja, ¥; (b) = Yjo,

where (aj)jzl,Q,...,m , (ﬁj)jzlz ., arein (0,1).

,,,,,
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Then, we will consider the fractional iso-perimetric problem that depends on maximizing or minimizing the above

functional subject to the given boundary conditions and the fractional integral constraint:

b
I(y1, . Ym) = / F(-T7yl () 5oy Ym () ’g D3y (z), "'7ac D™y (),
CDy 1 (x) o DYy () ) da
= T7

where r € R.

Finally, we will study the optimality conditions for a pair functions-time ((yj)jzl)wm ,T) e {(C* ([a,b]),[a,b]) : y; (a) = yja

to be an optimal solution to:

T
J@Mwmﬂ:/meuwwmmSmmux

nE Doy, (2) )dz.

2 Fractional Calculus

In this section, we recall some basic definitions which are used throughout this paper, [17, 21, 23].

Definition 1 The left and right Riemann-Liouville fractional integral operators of order a > 0 for an integrable

function y on [a,b] are defined respectively by:

A0 = s [ om0
b
and Ify(z) = %a)/ (t—2)* Ly (t) dt,

where T () := [~ e "u*"'du.
Definition 2 The left and right Riemann-Liouville fractional derivative operators of order o > 0 for a function

y: [a,b] = R, can be defined respectively, as:

1 d

Dgy(x) = w(dx)(n)/: (x— )"y (t)dt,

RL 1 d (n) b n—a—1
FLDRy() = (-5) [y

for n—1<a<n,neN-{0}.

Definition 3 The left and right Caputo fractional derivative operators of order o > 0 for a function y : [a,b] = R,

which is at least n—times differentiable can be defined respectively, as:
1

CDa) = gy | =0T @

12
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and

b
CDgy(r) = ——— / (t—2)" " (—1)" ™ (2) d,

for n—1<a<n,neN-{0}.

Also, we list some well known results in fractional variational calculus theory, [12, 20].

(i) : Assume that n — 1 < a < n, n € N— {0} and f is of class C™ on [a,b]. Then its left and right Caputo

derivatives of order « are continuous on [a, b] .

(i) : Let f : [a,b] — R be a continuous function such that:

b
/f<x>6<x>dz _

()
holds for every § € C™ ([a,b]), n > 0, satisfying  (a) = § (b) = 0. Then, f(xz) =0 on [a,d].
(iii) : Let 0 < o < 1, and f, g : [a,b] — R be C* functions. Then,
b b
[o@ $psf@ar = [ 1@ BDpg@de+ L1 () f @]
(6)
and
b b
[ eops@ar = [ 1@ Bpgg@e - L@@l
(7)
Remark 4 If f(a) = f(b) =0, then
b b
[o@ ¢pzf@de = [ 7@ BDpf)da
(8)
and
b
[ o eopr@ar = [ 1w Bozsean
9)

3 Fractional Euler-Lagrange Equations

In this section, we prove optimality conditions of Euler-Lagrange type for variational problems with functional that

contains m unknown functions with their Caputo fractional derivatives.

13
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For ()19 ns (Bi)j—1a. m € (0,1), we consider the following problem: find functions (y;),_,, ., €
C* ([a, b)) that maximize or minimize the functional
b
T rseeim) = [ Ll @), o (@) € D21 (0), o)

,g Dymy, (x) ,g D{jlyl (z), ,xC Df’“ym (z) )d:z:,

subject to the boundary conditions:

yji(a) = Yja, y; (D) = yjo.

For the sake of convenience, we denote by 9;L, j = 1,...,3m+1, the partial derivative of the function L : [a, b] xR3™ —

R with respect to its jth argument. Also, we assume that:

(Hy) : The function L is of class C! on all its arguments.

(H2) : (O5L);_, 12 2m1 has continuous right Riemann-Liouville fractional derivative of order o, 7 =1,2,...,m,
respectively.
Hj): (0;L)._ . has continuous left Riemann-Liouville fractional derivative of order 8;, i=1,2,...,m,
74 j=2m+2,....3m+1
respectively.

Theorem 5 If (y;)

(yj)j:1 o m satisfy the fractional Euler-Lagrange equations:

i=1.2...m 15 an extremum of the functional given by (10)&(11), then for all z € [a,b], the functions

oL+ BEDY 0L+ FEDEi-1 0y L = 0, j=2,.,m+1.
(12)
Proof. Let ¢; > 0 and define S by:
- 1 . _ —_
Assume that (y;);_, , ,, is solution of (10)&(11) and y; + €;6; is the variation of y;. Then,
J(er,nem) = J(y1+ €101, Ym + €mdm)
b
- / L(, (g1 + €161) (5) s (g + md) (),
a
ngl (yl + 6151) (:E) ) "'75 ng (ym + Gmam) (I) )
ED; 1+ €181) (1) 5 DY (g + emm) (2) ) do
(13)
Since J (€1, ..., €y,) is a extremum at (ey, ..., €,) = (0, ..., 0) , the necessary optimality condition is:
<§i) (,=0) = 0, i=1,2,....,m.
(14)

14
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On the other hand, the linearity of the operators ¢ D3’ and foj, implies that
< DY (y; +€;6;) (x) = ¢ Dgiy; +¢; D365 (x),

and
CDBj i Y _ CDBj X CDﬁJ(S
=Dy’ (yj +¢€;6;5) (x) = 7Dy yj+€; 5 Dy (x).

Therefore, for each j = 2,...,m + 1, we obtain:

b
/ [8J'L5j71 () + Oms L $D2=18;_1 (2) + amy; L S D)0, (2) | dz = 0.

By Eq. (8) and Eq. (9), we can state that

b
/[adej,l(x)Mj,l(x) 2D T O LA 8y (@) §EDY T Oamy L) de = 0,

where j =2,...,m + 1.

Consequently,

b
/ [(@L + gLng—lam+jL + gLD£j7182m+jL) 5]’*1 (ZL’):I de = 0, ] = 2, ey + 1.

Then, thanks to (i7) , we conclude that

oL+ » DY 0L+ FEDBiI10 ;L = 0, j=2,..m+1

Remark 6 For o; = ; =1, the problem (10) reduces to:

JWY1yesYm) = /ab L (x, Y1 () 5oy Ym () 7y/1 (z), ,y;n (x)) dx.

(15)

(19)

Then, the fractional Euler-Lagrange equations given by Eq. (12) reduce to to the classical Euler—Lagrange equations:

d

i
9 dx

OmisL) = 0, j=2,..,m+1,

where (0;L), j=2,....,m+ 1, are the partial derivatives of the function L with respect to its jth argument.

Example 7 Consider the following fractional variational problem:
1

4 2 5 2
J(Y1,92,y3) = / (2z+yi +ys + 3 +2 <€1D§y1) +3 (nga?yZ)

-1

6 2 3 2 1
+<€1D§y3> — IDfyr — Dfya— CDEys)da,

15
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with the boundary conditions:

pD=1 m=-1 wD=22 w0)=1 w()=0 xk1=>.

We have: m = 3, a = —1, b= 1, Yi—1 = 1, Y11 = —1, Yo—1 = 2\/5, Y21 = 1, Ys—1 = 0, Y31 = %, a1 =

%, 042:%, Oégig, 61:%7 B2:%a BSZ%a
and
3,.3, .3 ¢ pto)? c pE )
L = 2x+y1 +y2 +y3 +2(_1Dx5y1) +3<_1D£y2>
6 2 3 2 1
+ (?ngZys) — $Diyi— Diya— {Diys.
Then, the associated fractional Fuler—Lagrange equations are:

0L+ BLDFosL + REDIogL =0,

03L + BLDFGL + REDEd,L =0,

6 1
oL+ BLDro;L+ BED26,0L = 0.

Hence,
4 4 3
393 +4 120 (%,DEw ) — FEDE (1) =0,

5 5 2
33 +6 1D} (C1Diys) - "Di (1) =0,

I3 6
33 +2 BD] (9Dl ) — BEDE (1) =0,

4 Fractional Iso-perimetric Problem

In this section, we study the extremum of the functional given by (10)&(11), subject to the following fractional integral

constraint:
b
I(y1yesYm) = / F(x,yl (), .ty Ym () ,f Dyy (x), ,aC Dy, (),
nglyl (x), ,f Dfmym (x) )dat
= r
(21)
where r € R.

As before, we denote by 0;F, j =1,...,3m + 1 the partial derivative of the function F : [a,b] X R3™ — R with

respect to its jth argument.
We also assume that:

(Hy) : The function F is of class C! on all its arguments.

16
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(Hs) : (ajF)j:m+2,...,2m+l has continuous right Riemann-Liouville fractional derivative of order «;, i =1,2,...,m,
respectively.

(Hs) : (ajF)j:2m+2,...,3m+l has continuous left Riemann-Liouville fractional derivative of order 8;, i=1,2,...,m,
respectively.

Theorem 8 Assume that (y;) is an extremum of the functional given by (10)&(11), such that I (y1,...,ym) =

7=1,2,....m
r. If (yj)j:1 o m 18 mot an extremum of I, then there exists a constant u satisfaying

a

OE+ FEDY 9, G E+ FEDYi-19,y, E = 0, j=2,..,m+]1
(22)

for all x € [a,b], where E = L + pF.

Proof. Assume that (y;)

extremum of 1.

., is a solution of (10)&(11), such that I (yi,...,ym) = r, and (y;) 18 not an

j=12,..., j=12,...,

Let ejl, e? > 0, 5]1, 6? €S, and y; + 6}6}- + 6?5]2 be the variation of y;, such taht 5]1»,5? € S. Then,

J* (e%, e s €1y s €)= (y1 + €161 + €167, oy Ym + €5 61+ efn(fn)

—(/i@4m+4&+éﬁﬂmpq
(s + bt + 4,02 (2).€ DE g+ oh 4 E62) (2.
S DS (Y + 60, + €2,02,) (2) .S DY (1 + €101 + €107) (x)
S DY (ym + by 0h, + €,02) () ) da,

and
I (€]s s €y €1y €0y) = I (Y1 + €101 + €167, e Ym + €10, + €2,02,)

_ /%ﬁﬂm+é&+£ﬁﬂmww
(s + by 4 2,02) ()€ DI (31 + o} + 36%) (),
onrS DI (Y + €000, + €2,02,) (2),5 DY (31 + €16} + €167) () ,
g Dbﬁm (ym + er ok + 63,16,271) (z))dx — 7.
(24)

The formula (24) implies that for ejl;l = 6?71 =0, we get I*(0,...,0) = 0 and

or* 2 B
(86?4) (Ejil a 0) a

’ 8JF532'—1 ) + (Om; F) aCng_l(S]z—l (2)

(
) dx
+ (BamssF) DY 162, (x)

[
|

b
[ OFR @)+ 82, @) FEDP Oy F 4+ 82 (5) DB O ]
/ OiF + JE DY Oy F + §E DY 0g i F 874 () da,

(25)

17
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forall j =2,...m+ 1.

Then, taking into account that (y;) m 18 not an extremum of 7, there exists a family of function(éjz

j=12,..., )jzl,z,u.,m ’

where

or*
<8G2> (6% :...:E}H:O,e? ::57271 :O) ;é O, j:172’“.’m.
J

Since I*(0,...,0) = 0, applying implicit function theorem, there exists a family of function (ef) (),7=L12..,m

defined in a neigh-borhood of zero, where

w1 201
I (ej:€5 () = 0
(27)
Using the Lagrange multiplier rule, there exists a constant u, where
vV (J*(0,..,0) + uI*(0,..,0)) = (0,..,0).
(28)
It is easy to show that for all j =2,...,m + 1,
0T ) (0,.00) = b oL+ BEDY 0y L+ BEDBI-1 0y, L) 611 d
Del ) (,m, ) = (J + b m+i L+ 4 z 2m+j ) j—1GT,
j— a
(29)
and
O ) (0,000) = [ (G + BEDE 0 F 4 DI 0y F) 8
Del ) 0,..,0) = (J + 2 Dy mtit+ o Dy 2m+j ) j—10T.
J— a
(30)
Taking E = L + uF, we obtain
b
/ (0;E+ FFDy " Oy B+ DY~ 00y E) 6] ydz = 0.
(31)

By (4i), we can obtain:

O + REDP 0, B+ REDY 00y B =0, j =2 +1.

Now, we present an example to illustrate our theorem.

Example 9 Consider the following fractional iso-perimetric problem:

1 3 2 7 2
J(we) = [1 @2+ 3+ 93+ (C1Din) + (C1Diwe)
4 2 5 2
+ (ng Z/l) + (foyg) )dz,

18
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subject to the boundary conditions:
p(-1)=0, y(1)=Vv2, wp(-1)=1, pn1)==:

and the fractional integral constraint:

L 3
I(y1,92) = / (z =2y —y2+ % Diwn
-1

7 4 5
+ ngf Y2 + ng Y1+ ng yz)da:

N
Q
[ V]
Il
ool~1
=
=
Il

2, a=-1, b=1, yp1=0, yu=v2 pa1=1 yun =232 a =

E = 24+ +y
c nE\? c nI \? ot )2 cnd )2
+ <—1D§y1> + (_1D5 2/2) + (ac Dy yl) + (z Dy yz)
3 T 4 5
(=21 — o+ S Diy+ € DEy+ CDiy+ CDips).
For this problem, the fractional Euler—Lagrange equations (22) are given by:

0E + FLDIE+ RLDIOGE =0,

7 5
OsE + BLDSosE+ BLDIo,E =0.
Thus, p should satisfy the fractional Euler—Lagrange equations:

3 3 4 4
21 —2u+ FPDJ (2 %Dy +/~L) + HD; (2 SDiy +u) =0,

T T 5 5
2yy — pu+ HFFDF (2 “ Dy + u) + "D: (2§ny2 + u) =0.

5 An Optimal Time Problem

Here, we are interested to find the optimal time T as well as the functions (y;) ., that maximize or minimize

i=1,2,...,
the functional for the following variational problem:

T
T (Wt oy, T) = / L (21 (2) s oo (2) € D2 (2).

mc D&y, () )dm,

(32)

where

(9)jz, o T) € {(CM (b)) [ab]) i (@) = yia}
(33)

19
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Theorem 10 Assume that ((yj)j=1 o ,T) is an extremum of J defined by (32)&(33). Then, for all z € [a,T],

O;L* + FLD='9,, ;L = 0, j=2,.,m+1,

and the following transversality conditions are satisfied

1. L* (Ta Y1 (T) y e Ym (T) 75 D’flx“lyl (T) ) 75 D%mym (T)) = 07

2. oLy 7 (O L) (T) =0, j=2,...,m+1.

Proof. Let y; + €§; be variations of y; and T'+ eAT variation of 7', such that € > 0,

s o ={6;€C ([a,b]) : 6;(a) =0, j=1,...,m}.

Define

T () = J (Y1 + €81, s Ym + 6, T + €AT).

Let ((yj)jzl,..‘,m 7T) be an extremum of J . Then, we get

oJ
<a€> (E = 0) = Oa

T
/ [@»L*éj,l (.’IJ) + 8m+jL* aCD;j_l(ijl (LL')] dx

which implies that

(34)

AT € R and

(35)

(36)

+ATL* (T, y1 (1) coes Yy (1) .S DS 1 (T) , ... DF™ g (1)

= 0

where j =2,...,m + 1.

Using Eq. (6) given in (4i7), we obtain

T
/ [0 1781 (x) + 6;-1 () FEDF " gy L] da 44 Iy 7 (Oyy L) (T) 651 (T)

+ATL* (T, y1 (T) ,ces Y (T) .S DF 1 (1), ....S DF7 y (1)

+ATL* (T7 Y1 (T) y ooy Ym (T) 75 D%Z/l (T) ) »g D%mym (T))
= 0.

20
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By fixing ;1 =0, j = 2,...,m + 1, and by the arbitrariness of AT, we obtain the first transversality condition:
L* (T7 Y1 (T) y e Ym (T) ag D%lyl (T) ) 75 D%mym (T)) = 0.

Then, the second transversality condition is proved by choosing d;_1is zeroon [a,T) and §;_1 (T') # 0, j=2,...,m+1.
If 0;_1is free on [a,T) and 0,1 (T) =0, j =2,...,m+1, we obtain the Euler-Lagrange equation (34). This completes
the proof. m

Example 11 Let us consider the following optimal time problem:

’ T 1, 1, c 2o \? c ndo\?
T ) = [ (25 = o+ 50— 2(%Dkn) +2(%Dk) s,
-2

with the boundary conditions:
yi(=2)=1, p(-2)=-1

We have: m=2, a=-2, b=2, y12=1, yso=-1, a1 =

EN[SY

) Qg =

winN

and

* 3 1o 1, c pzo\? ¢ ni o\’
L* =2x° — §y1 + §y2 -2 (_QDI yl) +2 (_QDz y2> .
Then, the fractional Euler—Lagrange equations associated are:

2
8, L* + ELD3o,L* =0,

3
O3L* + BLDLosL* =0,
which implies that
—y1—4 "D (%Da?yl) =0,
3 3
yo +4 BLDL (ggD;fl yz) =0.

And the the transversality conditions are:

2 2 3 2
27% — 3 (1) + 303 (1) = 2 (%D ) (1) +2(%Difye) (1) =0,
2

4,13 (%Diy) (1) =0,
4 zlqi“ (€2D§y2) (T) =0.

6 Conclusion

We consider the following problem: find functions (y;) € C' ([a, b]) that maximize or minimize the functional

j=1,2,...m

b
T@rsim) = [ Laan @) o (2) £ D200 (o),
,g Dy y, (x) ,g Dglyl (z), ,g ngym (z) )d:z:7

subject to the boundary conditions:

yi (@) = Yja, Y5 (b) = yjo-

21
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First, we conclude that the solution (y;) of the given fractional variational problem, satisfy the fractional

§j=1,2,...,m
Euler-Lagrange equations:

oL+ BEDY 0, L+ BEDBi-19y, L = 0, j=2,..,m+1.

Then, we consider the fractional iso-perimetric problem that depends on maximizing or minimizing the above functional

subject to the given boundary conditions and the fractional integral constraint:

b
I (Y1, ym) = / F(x,yl (@) 5 ooy Y () ,5 Dy (), mc D&my,, (x),
a
nglyl (z), ,f D{f’”ym (z) )dz

=

Second, we conclude that if the solution (y;) 1, 18 not an extremum of I, then there exists a constant y satisfaying

J=12,..,

OE+ BEDY 0, E+ BEDEi1 0y, B = 0, j=2,..,m+ 1.

for all € [a,b], where E = L 4 pF.

Finally, we state that the optimal solution pair functions-time ((yj)j:1 o ,T) e {(C* ([a,b]),[a,b]) : y; (a) = yja }
of

T
J (y17 7ymvT) = / L* (177241 (1') y o Ym (.I) ’aC Dglyl (I’) )
LE Doy, (x))dm

satisfy, for all z € [a,T],

o;L* + D10, L* = 0, j=2,..m+1,

and the following transversality conditions:

L L* (T,y1 (T) s ooy ym (T) .S DS y1 (T),....§ D§™y (T))) = 0,
2. oIy By L) (T) =0, j=2,..,m+1.

For the future, we will study an isoperimetric problem with multiple constraints.
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