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Abstract

In this paper we study some curvature properties of Kenmotsu manifolds with respect to the Schouten-van
Kampen connection satisfying Pseudo-Projectively flat, ¢- Pseudo-Projectively flat, ¢-Pseudo-Projectively
Semi-symmetric, Pseudo-Pseudo-Projectively flat, Wg-flat, &-Wg-flat, ¢-Wg- Semi-symmetric, Pseudo-
Wy -flat conditions.

Keywords: Kenmotsu Manifolds, Curvature tensor, Ricci tensor.
AMS Subject Classification (2010): 53C15, 53C25, 53D15.
1. Introduction

The study of Schouten-van Kampen connection has been initiated for the study of non-holomorphic
manifolds. It preserves by parallelism, the Schouten-van Kampen connection is one of the most natural
connections adapted to a pair of complementary distributions on a differentiable manifold endowed with
an affine connection ([2], [11], [19]). Olszak [15] studied and proved some interesting results on the
Schouten-van Kampen connection to adapt to an almost(para) contact metric structure. Later on some
interesting properties of Schouten-van Kampen connection with different manifolds studied by many
authors like ([7], [13], [14], [23]).

Kenmotsu [12] introduced and studied the fundamental properties on local structure of a new class of
almost contact Riemann manifold which is known as Kenmotsu Manifold. Several properties of Kenmotsu
Manifold have been studied by many authors like ([1], [3], [4], [6], [9], [10], [16], [17], [20]). Motivated by all
these work in this paper we study Kenmotsu manifolds admitting Schouten-Van Kampen connection with
Pseudo-Projective and Ws-curvature tensor.

The present paper is organized as follows: After a brief review of Kenmotsu manifold and some curvature
properties of Kenmotsu manifolds with respect to the Schouten-van Kampen connection we study Pseudo-
Projectively flat, &- Pseudo-Projectively flat, ¢-Pseudo-Projectively Semi-symmetric, Pseudo-Pseudo-
Projectively flat, Wg-flat, &-Wg-flat, ¢-Wg- semisymmetric, Pseudo-Wy -flat conditions.

2. Preliminaries
In this section, we briefly recall some general definitions of Kenmotsu manifolds:

An n-dimensional differential manifold M is said to be an almost contact metric manifold [3] if it admits an
almost contact metric structure (¢, &, 1, g) consisting of a tensor field ¢ of type (7, ), a vector field ¢ and
1-form n and a Riemannian metric g compatible with (¢, ¢, n) satisfying

.1 ¢?=-1+n®¢ 1) =1 n°dp =0, ¢p§=0.

(2.2) 9(@X, ¢Y) = g(X,Y) —nOn(¥), g, &) =nX).

An almost contact metric manifold is said to be a Kenmotsu manifold [12] if it satisfies
(23) (Vx )Y = —n(YV)pX — g(X, ¢Y)S,

(2.4) Ux & =X—-n(X)E,

(2.5) (VxmY = g(Vyé, Y),

O 1
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where V denotes the Riemannian connection of g.

In a Kenmotsu manifold [12] the following relations hold:

(2.6) n(RX,Y)Z) = g(X, Z)n(Y) — g(¥, Z2)n(X),
2.7 RX,Y)§ =nX)Y —n(N)X,

(2.8) RE XY =n(V)X —gX,Y)S,

(2.9) 5X,8) = —(n— DnX),

(2.10) Q¢=—-(-1)%

for any vector fields X, Y, Z on M, where R,S and Q denotes the curvature tensor, Ricci tensor and Ricci
operator

g(QX,Y) = S(X,Y) on M.

3. Some curvature properties of Kenmotsu manifolds with respect to Schouten-van Kampen
Connection

In this section, we study some basic properties of Kenmotsu manifolds with respect to Schouten-van
Kampen Connection. The Schouten-van Kampen Connection V* associated to the Levi-Civita connection V
is given by [15]

3.1 VXY = VY —=n(1)Vx$ + (V) (Y)S,

for any vector fields X, Y on M.

By using (2.4) and (2.5) in (3.1), we get

3.2) viY = VY 4+ g(X, V)& —n(Y)X.

Putting Y = ¢ in (3.2) and by virtue of (2.4), we obtain
(3.3) Vy é =0.

A relation between the Riemannian curvature tensor R* of a Kenmotsu manifolds with respect to the
Schouten-van Kampen connection V* and the Levi-Civita connection V is given by

B4) R X,Y)Z=RX,Y)Z+g(,2)X—g(X, 2)Y.
Putting Z =¢ in (3.4) and by using (2.7), we have
(3.5 R'X,Y)é=0.

On contracting (3.4), we get the Ricci tensor S* of a Kenmotsu manifolds with respect to the Schouten-van
Kampen connection V*

(3.6) S*Y,2) =S, 2)+(n— Ng,2).
From (3.6), we obtain

3.7) Q'Y =QY + (n—1Y.

On contracting (3.6), we get

(3.8) r“=r+nm-171),

where r* and r are the scalar curvature with respect to the Schouten-van Kampen connection V* and the
Levi-Civita

connection V respectively.

4. Pseudo-Projectively flat Kenmotsu manifold with respect to Schouten-van Kampen connection
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In this section, we study Pseudo-Projectively flat Kenmotsu manifold with respect to the Schouten-van
Kampen connection:

Definition 4.1. A Kenmotsu manifold is said to be Pseudo-Projectively flat with respect to the Schouten-
van Kampen connection if

4.1) PX,Y)Z=0
for any vector fields X, Y, Z on M. Pseudo-Projective curvature tensor [22] is defined as
4.2) P*(X,Y)Z = a R*(X,Y)Z + b[S*(Y,Z)X — S*(X, Z)Y] — % [ﬁ + b] [g(Y,2)X — g(X, 2)Y],

where R* and S* are the curvature tensor and Ricci tensor of the manifold with respect to the Schouten-
van Kampen connection respectively.

From (4.1) and (4.2), we get

4.3) a R*(X,Y)Z + b[S*(Y,Z)X — S*(X, Z)Y] — % [ﬁ + b] [g(Y,2)X — g(X,Z)Y] = 0.
By taking an innerproduct with & in (4.3), we obtain

4.4) ag(R"(X,Y)Z,§) +b[S"(Y,Z2)g(X,§) — S"(X,2)g(Y,$)]

-+ 0] 190, D9 (x,6) - g0, D)9 (r, 01 = 0

By using (3.4), (3.6) in (4.4) and on simplification, we have

ar—an(n—T1)—br(n—1)
nn-71)

(5 BIS(Y,Zn(X) = SKX, 2] + |- |9 (v, 2n(x) - g, 2] = 0.

Putting X = ¢ in (4.5) and by virtue of (2.9), we get

ar+an(n—1)+br(n—-1)
bn(n-1)

46) sz =] |9(r,2) = [(n — 1y + D] (V) (2),

bn(n-1)
Hence, we state the following theorem:

Theorem 4.1. For a Pseudo-Projectively flat Kenmotsu manifold with respect to the Schouten-van Kampen
connection the manifold is an n-Einstein manifolds with b # 0.

5. §-Pseudo-Projectively flat Kenmotsu manifold with respect to Schouten-van Kampen connection

In this section, we study &-Pseudo-Projectively flat Kenmotsu manifold with respect to the Schouten-van
Kampen connection V*:

Definition 5.2. A Kenmotsu manifold is said to be &-Pseudo-Projectively flat with respect to the Schouten-
van Kampen connection if

(5.1) PrX,Y)é=0

for any vector fields X, Y on M.

From (4.2), we get

(52)  PXYIE=aR K VE+bIS(YV,OX =S X,V -5 + | [gr, )X — g(X, V1.
From (5.1) and (5.2), we obtain

(53)  aRUVE+DISCHX =S @OV =T[5 +b] 90, OX —gx,HY] =0,

By using (3.5), (3.6) in (5.3), we get

(5.4) ~Z =+ b X —n@)Y] =0,

n

Putting Y = ¢ in (5.4) and on simplification, we have
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(5.5) 2D 4 b| [x — €] = 0.

By taking an innerproduct with U in (5.5), we get

(5.6) PR 4 b [g (X, U) = n (XMW = 0.

The above equation implies that either r = —n(n— 7) or

(5.7) 9&X,U) —=n(X)nU) =0

with a # —b(n — 7). Now, replacing X = QX in (5.7) and on simplification, we obtain
(5.8) SX,U) == — DnXn).

Hence, we state the following theorem:

Theorem 5.2. For a é-Pseudo-Projectively flat Kenmotsu manifold with respect to the Schouten-van
Kampen connection, either the scalar curvature r = —n(n — 7) or the manifold is a special type of n-
Einstein manifolds with a # — b(n — 7).

6. ¢-Pseudo-Projectively Semi-symmetric Kenmotsu manifold with respect to Schouten-van Kampen
connection

In this section, we study ¢-Pseudo-Projectively Semi-symmetric Kenmotsu manifold with respect to the
Schouten-van Kampen connection V*:

Definition 6.3. A Kenmotsu manifold is said to be ¢-Pseudo-Projectively Semi-symmetric with respect to
the Schouten-van Kampen connection if

(6.1) PrX,Y)-¢ =0,

for any vector fields X, Y on M.

Now, (6.1) turns into

(6.2) (P*(X,Y) ¢)Z = P*(X,Y)$pZ — pP*(X,Y)Z = 0.

Putting Z = ¢ in (6.2) and by virtue of (4.2) and on simplification, we obtain
[.5+ b| 1) @x —nC0)¢Y] = 0

Putting Y =¢& and X = ¢X in (6.3), we get

6.3) T

n

(6.4) PR L4 p| [-X + n(X)E] = 0.

Taking innerproduct with V in (6.4), we get

(6.5) PROD[ 4 b| [—g (X, V) + (X (V)] = .

The above equation implies that either r = —n(n— 7) or

(6.6) —gX, V) +nXnV) =0

with a # —b(n — 7). Now, replacing X = QX in (6.6) and on simplification, we obtain
(6.7) SX, V) =—(m— DnXn®).

Hence, we state the following theorem:

Theorem 6.3. For a ¢-Pseudo projectively Semi-symmetric Kenmotsu manifold with respect to the
Schouten-van Kampen connection either the scalar curvature r = —n(n — 7) or the manifold is a special
type of n-Einstein manifolds with a # — b(n — 7).

7. Pseudo-Pseudo-Projectively flat Kenmotsu manifold with respect to Schouten-van Kampen
connection
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In this section, we study Pseudo-Pseudo-Projectively flat Kenmotsu manifold with respect to the Schouten-
van Kampen connection V*:

Definition 7.4. A Kenmotsu manifold is said to be Pseudo-Pseudo-Projectively flat with respect to the
Schouten-van Kampen connection if

(7.1) gP* (@X,Y)Z,¢W) = 0,
for any vector fields X, Y,Z, W on M.

By using (4.2) in (7.1), we get

7.2 a g(R"(BX,V)Z, W) + bIS* (V, D g (X, oW) = 5" (X, D)g (¥, $W))]
—= =5+ b] [0V, 2) 98X, $W) - g($X, D)g (¥, $W)] = 0.

Let {e;, e,, ...e,} be a local orthonormal basis of vector fields in M. Then by puttingY = Z = ¢; in (7.2) and
by virtue of (3.4), (3.6), (3.8) and on simplification, we obtain

(7.3) S(PX, W) == g($X,pW).
Putting W = ¢ W and X = ¢X in (7.3) and on simplification, we get
(7.4) SKW) =2 g, W) = [+ (n = D] nCORW).

Hence, we state the following theorem:

Theorem 7.4. For a Pseudo-Pseudo projectively flat Kenmotsu manifold with respect to the Schouten-van
Kampen

connection then the manifold is an n-Einstein manifold.
8. Wg" -flat Kenmotsu manifold with respect to Schouten-van Kampen connection

In this section, we study Wg*-flat in Kenmotsu manifold with respect to the Schouten-van Kampen
connection:

Definition 8.5. A Kenmotsu manifold is said to be Wg* -flat with respect to the Schouten-van Kampen
connection if

8.1 W (X,Y)Z=0
for any vector fields X, Y, Z on M. W," -curvature tensor [22] is defined as
(8.2) Wg" (X,Y)Z = R*(X,Y)Z + nT77 [S*(X,Y)Z — S*(Y, 2)X],

where R* and S* are the curvature tensor and Ricci tensor of the manifold with respect to the Schouten-van
Kampen connection respectively.

From (8.1) and (8.2), we get

(8.3) R*(X,Y)Z = —n—17 [S*(X,Y)Z — S*(Y, 2)X],

By taking an innerproduct with ¢ in (8.3), we obtain

(8.4) IR (X, NVZ,§) = ——L[S" (X, V)g(Z,§) — S"(V, 2)g (X, §)].

By using (3.4), (3.6) in (8.4) and on simplification, we have

@5)  S&, V)2 + (n— DgX,Y)n(Z) - S¥,Z)nX) - (n— Ng¥,Z)nX) = 0.
Putting Z = ¢ in (8.5) and by virtue of (2.9), we get

86) S, Y)=-mn- Ngl,Y).
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Hence, we state the following theorem:

Theorem 8.5. If a Kenmotsu manifold satisfying Wg* -flat condition with respect to the Schouten-van
Kampen connection then the manifold is an Einstein manifolds.

9. § — Wy" -flat Kenmotsu manifold with respect to Schouten-van Kampen connection

In this section, we study & — Wg"-flat Kenmotsu manifold with respect to the Schouten-van Kampen
connection:

Definition 9.6. A Kenmotsu manifold is said to be & — W;" -flat with respect to the Schouten-van Kampen
connection if

9.1 Wg" (X,Y)§=0
for any vector fields X, Y on M.
From (9.1) and (8.2), we get

(9.2) R*X,Y)E =——[S"(X, V)¢ =S (Y, &)X].

I
n-1
By using (3.5), (3.6) in (9.2), we obtain

(9.3) S*X, V)¢ =—-(n—-TNgX,Y)E.

By taking an innerproduct with ¢ in (9.3), we have
(9.4) S*X,Y)=—-(n—NgX,Y).
Hence, we state the following theorem:

Theorem 9.6. If a Kenmotsu manifold satisfying & — Wy" -flat condition with respect to the Schouten-van
Kampen connection then the manifold is an Einstein manifolds.

10. ¢ — Wg" -semisymmetric condition in Kenmotsu manifold with respect to Schouten-van Kampen
connection

In this section, we study ¢ — Wg* -Semi-symmetric condition in Kenmotsu manifold with respect to the
Schouten-van Kampen connection:

Definition 10.7. A Kenmotsu manifold is said to be ¢p — Wg" -Semi-symmetric with respect to the Schouten-
van Kampen connection if

(10.1) W™ (X,Y) ¢ =0,
for any vector fields X, Y on M.
Now, (10.1) turns into
(10.2) (Ws" (X,Y) - ¢)Z = Wg" (X,Y)PZ — pWs" (X,Y)Z = 0.
Making use of (8.2) in (10.2), we get
(10.3) R*(X,Y)pZ + n_17 [S*(X,Y)pZ — S*(Y, pZ)X]
—¢ (R*(X, Z + n—17 [S*(X,Y)Z = S*(Y, Z)x]) -0
Putting X = ¢ in (10.3) and by virtue of (3.4), (3.6) and on simplification, we obtain
(104)  R(EVIGZ — L[SV, $2)E + (n— Ng(Y,$D)E] = p(RE VZ = n(2)Y + g(¥,2)§) = 0.
By using (2.8) in (10.4) and on simplification, we get
(10.5) —-L[S(Y, $2)E + (n— Ng(¥,$2)§] = 0.
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By taking an innerproduct with ¢ in (10.5), we have

(10.6) S, 9pZ) =—(n—Ng(,p2).
Replace Z = ¢Z in (10.6) and on simplification, we get
(10.7) S, 2)=—-(mn—-Nyg,2).

On contracting (10.7), we obtain
(10.8) r=-nn-1).
Hence, we state the following theorem:

Theorem 10.7. If a Kenmotsu manifold satisfying ¢ — Wg" -Semi-symmetric condition with respect to the

Schouten-van Kampen connection then the manifold is an Einstein manifold and the scalar curvature
r=-nn-1).

11. Pseudo-Wg" -flat Kenmotsu manifold with respect to Schouten-van Kampen connection

In this section, we study Pseudo-W;" -flat Kenmotsu manifold with respect to the Schouten-van Kampen
connection V*:

Definition 11.8. A Kenmotsu manifold is said to be Pseudo-W;g* -flat with respect to the Schouten-van
Kampen connection if

(11.1) g(W5" (¢X,Y)Z,¢W) =0,

for all vector fields X, Y, Z, W on M.

By using (8.2) in (11.1), we get

(11.2) gR*(@X,Y)Z,oW) + n—i, [S* (X, V) g(Z, W) — S*(Y,Z) g(pX, pW)] = 0.

Let {e;, e, ...e,} be alocal orthonormal basis of vector fields in M. Then by putting Y = Z = ¢; in (11.2)
and by

virtue of (3.4), (3.6) and on simplification, we obtain

(113) S(PX, W) == g(¢X, pW).
Putting W = ¢W and X = ¢X in (11.3) and on simplification, we have
(11.4) S W) =2 g, w) = |-+ (n = D] nCOnW).

On contracting (11.4), we obtain
(11.5) r=-nn-1).
Hence, we state the following theorem:

Theorem 11.8. In a Pseudo-Wy" -flat Kenmotsu manifold with respect to the Schouten-van Kampen
connection the manifold is an n-Einstein manifolds and scalar curvature r = —n(n— 7).

Conclusions

The Schouten-Van Kampen connection introduced for the study of non-holomorphic manifolds. It
preserves by parallelism - Schouten-Van Kampen is one of the most natural connections adapted to a pair
of complementary distributions on a differentiable manifold endowed with an affine connection. In this
paper, we found some curvature properties of Kenmotsu manifold with respect to the Schouten-van
Kampen connection. That is Kenmotsu manifold satisfying Pseudo-Projectively flat, é- Pseudo-Projectively
flat, ¢-Pseudo-Projectively Semi-symmetric, Pseudo-Pseudo-Projectively flat, Wg-flat, &-Wg-flat, ¢-W;g-
Semi-symmetric, Pseudo-Wg -flat conditions with respect to the Schouten-van Kampen connection is either
Einstein or n-Einstein or special n-Einstein manifold.
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