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Abstract

In this paper we consider the problem of an infinitely long annular cylinder whose inner and outer surfaces are
subjected to known surrounding temperatures and are traction free. The problem is in the context of the
theory of thermoelasticity without energy dissipation. The Laplace transform with respect to time is used. The
inversion process is carried out using a numerical method based on a Fourier series expansion. Numerical
results are computed for the temperature, displacement and stress distributions. The numerical results are
represented graphically. Comparison is made between the predictions here and those of the theory of
thermoelasticity with one relaxation time.
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Introduction

The classical theory of thermoelasticity has been generalized and modified into various thermoelastic models
that run under the label of "hyperbolic thermoelasticity”. The notation hyperbolic reflects the fact that thermal
waves are modeled, avoiding the physical paradox of the infinite propagation speed of the classical model. At
present, there are several theories of the hyperbolic thermoelasticity. The first was developed by Lord and
Shulman [1] who obtained a wave-type heat equation by postulating a new law of heat conduction to replace
the classical Fourier's law. This new law contains the heat flux vector as well as its time derivative. It also
contains a new constant that acts as a relaxation time. The second was developed by Green and Lindsay [2].
This theory contains two constants that act as relaxation times and modifies all the equations of the coupled
theory, not the heat conduction equation only. Both of these theories ensure finite speeds of propagation for
heat wave. . Among the contributions to this theory are the works in [3-8].

The theory of thermoelasticity without energy dissipation (GN theory) was proposed by Green and Naghdi [9].
The most important aspect of this theory, which is not present in other thermoelasticity theories, is that this
theory does not accommodate dissipation of thermal energy. Among the contributions to this theory are the
works in [10-15].

Formulation of the Problem

Let (r, ¢, z) be cylindrical polar coordinates with the z-axis coinciding with the axis of an annular infinitely long
elastic circular cylinder of a homogeneous, isotropic material of finite conductivity whose inner and outer radii
are R, i = 1,2. The suffix 1 refers to the inner surface of the cylinder, while the suffix 2 refers to the outer
surface. The surfaces of the cylinder are taken to be traction-free and are in contact with media of known
temperatures.

Due to the physics of the problem, all the functions considered will depend on r and t only. The displacement
components have the form

u = (u(r, t), 0, 0).

The basic equations due to Green and Nagdhi [9] in the absence of body forces and heat sources for isotropic
elastic medium are given by:

Equation of motion has the form
1V2u+(A+ p) grad divu —y grad T = pii 1)

The generalized equation of heat conduction are given by

2 2

K'V2T = peg %Jrﬂoa—z(divu) @
ot ot
The constitutive equation:
ou u
Urr:(ﬂ+2ﬂ)a+ﬂvF_7a-_TO) 3)

where A and p are Lamé’s modulii, T is the absolute temperature of the medium, and y is a material constant
given by y = (34 + 2u)a; where a; is the coefficient of linear thermal expansion, C; is the specific heat at
constant strain, p is the density and Ty is a reference temperature assumed to be such that | (T-Ty)/ Ty | <<1.
k" is a material constant, characteristic of the theory.
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Let us introduce the following non-dimension variables

=Cf}7t, O'*=£ , GZM.

u (A+2p)

*

r =gnr, U*=C177U, 1z

*

The governing equations (1)-(3) in non-dimensional form become (dropping the asterisks for convenience)

vZu +(ﬂ2 —1)grad e—,B2 grad @ = ,82 u @)
2 2
ot ot
i or r
,»  k” 72T, , 3% 10 AU u
where C{ = 5 E= \Y =—+t-—. e=divu=—+—
PCEC] pee (A +2u) or ror o r
oy

Introducing the thermoelastic potential function ¥, defined by U = 6_
r

Equations (4)-(6) given by

2
[VZ —a—}// =0 7)

ot?
2 2
CtZVZH:%+ga—2V2y/ )
at at
o = g2V (52 )tV g2 ©
. or2 ror

Solution of the problem in the Laplace transform domain

Applying the Laplace transform with parameter s defined by the relation
o0
f'(s)zf ftyest dt,
0

to both sides of equations (4)-(6), we obtain
(v2-s2) y =0 (10

CPV20=520+e&°V2y (11)
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orr = ‘” Hp2-2) W B2 (12)
or?
Eliminating 5 from equations (10) and (11), we get
4_(©+ee) 202 s |-
v t \V/ _2 w =0 (13)
Ct Ct
Equation (13) can be factorized as
(v2 k2 )v2 -k3) o =0 (14)

where k12 and k22 are the roots of the characteristic equation
4

Cé+l+

( t g) 2 k2 =0

k4 — ~
c? oh

Since the operators in (14) are permutable it follows from the theory of linear differential equations that  is
the linear combination of the two solutions of

(vz—kiz) y =0

Hence

w=13 [Alo(kir)+BiKo(kr)] (15)

N

where A; and B; i = 1, 2 are parameters depending on s to be determined from the boundary conditions and
lo. Ko are the modified Bessel functions of the first and second kinds respectively.

Substituting from (15) into (10), we get
- 2
=73 [Ai (ki2 —sz)lo(kir)+ B (ki2 —sZ)KO(kir)] (16)
i=1
the displacement uis given by
- 2
u=3 [Akily(kir) - Bi kiKy (kir)] a7)
i=1

the stress tensor are obtained from equations (12), (15) and (16), they have the form

o= {A{ﬂzszlo(k 0-2nk r)}B[ﬂstKo(k N+ 25Ky r)}} a9
i=1

The boundary conditions of the problem can be written as:
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o,=0,T=0, atr=R,
o,=0,T=1ft)=6,Ht) , atr =R,
where H(t) is the Heaviside unit step function. Taking the Laplace transform of both sides of the preceding

equations, we obtain

Err=0,§=O ' atr:Rl
— - 0 (19)
O'rr:0,9:—O y a.tr:R2
S
Using the boundary conditions (19), we get the following linear system of equations in the 4 parameters A;

and B, i =1, 2

ZZ: [An (ki2 _Sz)lo(ki R)+B, (ki2 _32)K0 (ki Rl)]: 0 (20)
5 {A{ﬂzszlo(ki Ry~ 201, (k Rl)} 4B { 252K (kiRy) + 29Ky (ki Rp}} 0 @
i—1 Ry Ry

Zzl [A (k2 =215 (kiR,) + B, (k? =52 K, (kiR,)] = % (22)
5 {A{ﬂ252|0(kiR2)—2R—ki|1(kiR2)}rB{ﬂZSZKo(kiR2)+iﬁK1(kiR2)}}=0 23
i=1 2 2

Numerical inversion of the Laplace transforms

We shall now outline the method used to invert the Laplace transforms in the above equations. Let f_( r,s) be
the Laplace transform of a function f{r, t). The inversion formula for Laplace transforms can be written as [16]

d+ioo

(y=-— [ etT(rs)ds,
2l d-ioo

where d is an arbitrary real number greater than all the real parts of the singularities of f_( rs).Takings=d + iy,

the above integral takes the form
edt > ]
f(r)==— [ ety f(rd+iy)dy.
27r_oo

Expanding the function h(r, t) = exp(-dt) f(r, t) in a Fourier series in the interval [0,2L], we obtain the approximate

formula [17]

flr) =fAr,t) +Ep,

where
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o 0]
fo(rn)=%co+ > cxk ,for0<t<2L, (24)
k=1

and
dt . _
ck:eTRe[e'k””'-f(r,d+ik7z/L)]. 25)

The discretization error, Ep, can be made arbitrarily small by choosing d large enough [17].

As the infinite series in (24) can only be summed up to a finite number N of terms, the approximate value of f(r, t)
becomes

N
fy(rt)=%cy+ > ¢ ,for0<t<2L . (26)
k=1

Using the above formula to evaluate f(r,t), we introduce a truncation error E; that must be added to the
discrimination error to produce the total approximation error.

Two methods are used to reduce the total error. First, the "Korrecktur' method is used to reduce the discrimination
error. Next, the €-algorithm is used to reduce the truncation error and therefore to accelerate convergence.

The Korrecktur-method uses the following formula to evaluate the function fr, t)

firt) =fr,t) - f(r, 2L+t + E'p,

where the discrimination error |Eb| << |ED| [17].

Thus, the approximate value of f{r, t) becomes
fu(t, ) = fulr, ) - € fu(r, 2L+t) . (27)
N is an integer such that N* < N.

We shall now describe the e-algorithm that is used to accelerate the convergence of the series in (24). Let N be an
odd natural number and let

m
Sm— Z Ck -
k=1

be the sequence of partial sums of (24). We define the e-sequence by

(C;Oym:O,gl’m:Sm y m:1,2,3,... .

1
And gn_'_l’m :gn_l ,m+1+ y n ,m = 1,2 ,3 yuun

enm+1l — &nm

It can be shown that [17] the sequence

197



11+ * 317 ° NI.
Converges to f{r, t) + Ep - ¢y /2 faster than the sequence of partial sums
Sm , m=123, ...

The actual procedure used to invert the Laplace Transforms consists of using equation (27) together with the
g-algorithm. The values of d and L are chosen according the criteria outlined in [17].

Numerical results

For fixed values of r and t, the linear system (20)-(23) is solved numerically for the unknowns A; B; i = 1, 2, and the
results are substituted into (16), (17) and (18) to obtain the value of 6, u and o,. The functions are evaluated for
value of time namely t = 0.1 at points inside the cylindrical annuals. These results are shown in Figs |-3 these
figures include also the graphs of the corresponding functions for the theory of thermoelasticity without energy
dissipation (GN theory). For numerical computations we have used the copper material with

£ = 00168, B2=3.342, Ri=1, R, = 2, C2 = 40

LS theory is represented by dotted lines while GN theory is represented by solid lines.
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Fig. 3 Stresses Distribution

Concluding remarks

In this work, we have discussed the model of thermoelastic problem for an infinitely long annular cylinder
without energy dissipation (GN theory) the context of Green and Naghdi theory without energy dissipation.
The problem is solved by means of the Laplace transform and Laplace inversion. We concluded that:
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It is clear from the above figures that results for generalized thermoelasticity (LN theory) are distinctly different
from those of theory of thermoelasticity without energy dissipation (GN theory) for small values of time. the
temperature and stress distributions have two finite jumps while the displacement is continuous everywhere
having a discontinuous first derivative. The first discontinuity does not show in figures 1 because it is very
small.

The difference between the predictions of the theories of LS and GN is most apparent in the graph of the
temperature distribution. In the LS theory the temperature decreases monotonically signifying continuous
dissipation of heat energy. This is not the case for GN theory.

The mechanical distributions indicate that the wave propagates as a wave with finite velocity in medium in two
cases. It is completely different from the case for the classical theory of thermoelasticity where an infinite
speed of propagation is inherent and hence all the considered functions have a non-zero value for any point

in the medium.

The fact that in thermoelasticity without energy dissipation, the waves propagate with finite speeds is evident
in all these figures.

Reference

[1] H. Lord and Y. Shulman, A Generalized Dynamical Theory of Thermo- elasticity, J.Mech. Phys. Solid. 15
(1967) 299-3009.

[2] Green, A. E, Lindsay, K. A.: Thermoelasticity. J. Elasticity 2 (1972) 1-7.

[3] H. Sherief, N. M. El-Maghraby, An Internal Penny-Shaped Crack in an Infinite Thermoelastic Solid, J.
Thermal Stresses. 26 (2003) 333-352.

[4] H. Sherief, F. Hamza, Generalized Two-Dimensional Thermoelastic Problems in Spherical Regions Under
Axisymmetric Distributions, J. Thermal Stresses. 19 (1996) 55-76.

[5] H. Sherief, M. Anwar, A Problem in Generalized Thermoelasticity for an Infinitely Long Annular Cylinder
Composed of Two Different Materials, Acta Mechanica. 80 (1989) 137-149.

(6] M. Anwar, H. Sherief, Boundary Integral Equation formulation for Generalized Thermoelasticity in a
Laplace Transform Domain, Appl. Math. Model.12 (1988) 161-166.

[7] H. Sherief, M. A. Ezzat, Solution of the Generalized Problem of Thermoelasticity in the form of Series of
Functions, J. Thermal Stresses. 17 (1994) 75-95.

[8] H. Sherief, Problem in Electromagneto Thermoelasticity for an Infinitely Long Solid Conducting Circular
Cylinder with Thermal Relaxation, Int. J. Eng. Sci. 32 (1994) 435-452.

[9] A. E. Green, P. M. Naghdi, Thermoelasticity without energy dissipation, J. Elasticity. 31(1993)189-208.

[10] D. lesan, on the theory of thermoelasticity without energy dissipation, J. Thermal Stresses. 21(1998) 295-
307.

[11] R. Quintanilla, on existence in thermoelasticity without energy dissipation, J. Thermal Stresses. 25(2002)
195-202.

[12] K.L. Verma, N. Hasebe, Dispersion of thermoelastic waves in a plate with and without energy dissipation.

International Journal of Thermophysics. 22(2001) 957-978.

200



[13] R. Quintanilla, On the spatial behavior in thermoelasticity without energy dissipation, J. Thermal Stresses.
22(1999) 213-224.

[14] K. L. Verma, Generalized Thermoelastic Vibrations in Heat Conducting Plates without Energy
Dissipation, Tamkang Journal of Science and Engineering. 10(2007) 1-9.

[15] Hamdy M. Youssef, Variational Principle of Two-Temperature Thermoelasticity without Energy
Dissipation, Journal of Thermoelasticity. 1(2013) 42-44.

[16] R. V. Churchill, Operational Mathematics, Third edition, McGraw-Hill Book Company, New York, 1972.

[17] G. Honig and U. Hirdes, A Method For The Numerical Inversion of the Laplace Transform, J. Comp.
Appl. Math. 10 (1984) 113-132.

201



