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Abstract 

The method of variable diffusion layer thickness is applied in the calculation of staircase voltammetry of electro-

catalytic reactions on the rotating disk electrode. It is shown that voltammograms exhibit either maximum or 

limiting current, but rarely both. This is because the potential range within which a certain reaction is recorded 

is limited and must be scanned rather slowly to allow the diffusion layer to extend to the steady state limit. If 

the scan rate is high, this condition is not satisfied and the response is recorded under transient conditions. The 

relationship between current maxima and the experimental conditions are analysed theoretically. 
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1. Introduction 

Staircase voltammetry is a digital version of a linear scan voltammetry [1-6]. The difference between responses 

of these two techniques depends on the mechanism of electrode reaction [7-10]. In the previous paper [11] the 

theory of staircase voltammetry of reversible charge transfers on the rotating disk electrode was reported, and 

in the present communication the calculations are extended to the electro-catalytic processes on the same 

electrode. These reactions are important for the investigation of enzymatic electron transfers in the protein-film 

voltammetry [12-14].  

2. Model 

It is assumed that a certain redox couple is strongly adsorbed on the surface of rotating disk electrode and that 

in the solution there is a compound Y which can be oxidized by the product of the surface redox reaction: 

  Redads ↔ Oxn+
ads + ne-         (1) 

  Oxn+
ads + Y 

𝑘𝑓
→ Redads + Zn+        (2) 

The electrode reaction (1) is fast and reversible, while the catalysed oxidation (2) is totally irreversible. In the 

investigated potential range the compound Y cannot be electro-oxidized on the bare electrode surface due to 

very slow electron transfer. The mass transport towards the surface of rotating disk electrode is defined by the 

following system of equations: 

 
𝜕𝑐𝑌

𝜕𝑡
= 𝐷

𝜕2𝑐𝑌

𝜕𝑥2 + 𝜅𝑥2 𝜕𝑐𝑌

𝜕𝑥
          (3) 

 𝜅 = 0.51 √𝜔3 𝜈⁄           (4) 

 𝐷 (
𝜕𝑐𝑌

𝜕𝑥
)

𝑥=0
= 𝑘𝑓Γ𝑂𝑥𝑐𝑌,𝑥=0         (5) 

 Γ𝑂𝑥 = Γ𝑅𝑒𝑑𝑒𝑥𝑝(𝜑)          (6) 

 𝜑 =
𝑛𝐹

𝑅𝑇
(𝐸 − 𝐸𝑂𝑥 𝑅𝑒𝑑⁄

0 )          (7) 

 Γ𝑂𝑥 + Γ𝑅𝑒𝑑 = Γ𝑅𝑒𝑑
∗           (8) 

 
𝐼

𝑛𝐹𝑆
= 𝑘𝑓Γ𝑂𝑥𝑐𝑌,𝑥=0          (9) 

The meanings of all symbols are reported in the Table 1.  
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Table 1 

Meanings of symbols 

𝑐𝑌  Concentration of compound Y 

𝑐𝑌
∗   Bulk concentration of compound Y 

𝐷   Diffusion coefficient 

𝛿   Diffusion layer thickness 

𝐸   Electrode potential 

𝐸𝑂𝑥 𝑅𝑒𝑑⁄
0   Standard potential  

𝐹     Faraday constant 

Γ𝑂𝑥   Surface concentration of oxidized form of adsorbed catalyst 

Γ𝑅𝑒𝑑  Surface concentration of reduced form of adsorbed catalyst 

Γ𝑅𝑒𝑑
∗   Initial surface concentration of the adsorbed catalyst 

𝐼  Current 

𝑘𝑓  Rate constant of catalytic reaction 

𝑛   Number of electrons 

𝜈   Kinematic viscosity 

𝜔   Rate of rotation 

𝑆   Electrode surface area 

𝑡   Time 

𝑥   Distance from electrode surface 

Differential equation (3) is solved by the method of variable diffusion layer thickness that was described 

previously [11, 15]. The method is based on the assumption that the concentration of compound Y can be 

described by the following equation: 

 𝑐𝑌 = 𝑐𝑌,𝑥=0 + (𝑐𝑌
∗ − 𝑐𝑌,𝑥=0)

𝑥

𝛿
     (0 ≤ 𝑥 ≤ 𝛿)       (10) 

 𝑐𝑌 = 𝑐𝑌
∗    (𝑥 > 𝛿)         (11) 

In these equations the symbol 𝛿 stays for the diffusion layer thickness that depends on time. Differential 

equation (3) is integrated from 𝑥 = 0 to 𝑥 → ∞ and transformed into the following differential equation: 

 
𝑑𝑢

𝑑𝑡
= 4 −

4

3
𝑘𝑢3 2⁄ +

2𝑢

𝑐𝑌
∗ −𝑐𝑌,𝑥=0

𝑑𝑐𝑌,𝑥=0

𝑑𝑡
        (12) 

 𝑢 =
𝛿2

𝐷
            (13) 

 𝑘 = 0.51 𝜔3 2⁄ √𝐷 𝜈⁄           (14) 

The combination of equations (6) and (8) as well as (5) and (10) give the following results: 

 Γ𝑂𝑥 =
Γ𝑅𝑒𝑑

∗ 𝑒𝑥𝑝(𝜑)

1+𝑒𝑥𝑝(𝜑)
          (15) 

 𝑐𝑌,𝑥=0 =
𝑐𝑌

∗ 𝐷

𝐷+𝑘𝑓Γ𝑂𝑥𝛿
          (16) 

 
𝑑𝑐𝑌,𝑥=0

𝑑𝑡
= −

𝑐𝑌
∗ 𝑘𝑓𝐷

(𝐷+𝑘𝑓Γ𝑂𝑥𝛿)
[𝛿

𝑑Γ𝑂𝑥

𝑑𝑡
+ Γ𝑂𝑥

𝑑𝛿

𝑑𝑡
]        (17) 
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The surface concentration Γ𝑂𝑥 depends only on the electrode potential. The latter is changed in a stepwise 

manner, for the increment Δ𝐸 at the beginning of each step period 𝜏. The current is defined by equation (9). It 

depends on time because the quantities 𝑐𝑌,𝑥=0 and 𝛿 are functions of time. The current is measured at the end 

of the step period. The change of Γ𝑂𝑥 occurring in the beginning of step has no influence on the current [8, 11]. 

The quantity 𝑢 changes from zero, for 𝑡 = 0, to the maximum 

 √𝑢𝑠𝑠 = (
3

𝑘
)
1 3⁄

          (18) 

that appears under steady state conditions. The equation (12) is solved numerically by the approximation 

𝑑𝑢 𝑑𝑡⁄ ≈ ∆𝑢 ∆𝑡⁄ . The result of calculations is a dimensionless current ratio: 

 
𝐼

𝐼𝑑𝑖𝑓
=

𝜆√𝑢𝑠𝑠𝑒𝑥𝑝(𝜑)

1+exp(𝜑)+𝜆√𝑢 𝑒𝑥𝑝(𝜑)
         (19) 

 𝐼𝑑𝑖𝑓 = 𝑛𝐹𝑆𝑐𝑌
∗√𝐷 𝑢𝑠𝑠⁄           (20) 

 𝜆 = 𝑘𝑓Γ𝑅𝑒𝑑
∗ √𝐷⁄            (21) 

 

Fig. 1 Staircase voltammograms calculated for various scan rates. ∆𝐸 = 1 mV, 𝑛 = 1, ∆𝑡 = 10-5 s, 𝑘 = 1 s-3/2, 𝜆 = 

1 s-1/2 and 𝑣/(V/s) = 0.1 (1), 1 (2), 4 (3) and 10 (4). 

3. Results and discussion 

Staircase voltammogram of electro-catalytic reaction on the rotating disk electrode is a curve characterized by 

the maximum and the limiting current. This is shown in Fig. 1. The difference between the maximum and the 

limiting currents is linearly proportional to the square root of scan rate: 

 (
𝐼

𝐼𝑑𝑖𝑓
)

𝑚𝑎𝑥

− (
𝐼

𝐼𝑑𝑖𝑓
)

𝑙𝑖𝑚

= 0.18 √𝑣         (22) 

The factor of proportionality applies only for the parameters used in the calculations of Fig. 1, and only for the 

scan rates higher than 0.5 V/s. The potentials of maxima depend linearly on the logarithm of scan rate: 

 𝐸𝑚𝑎𝑥 − 𝐸𝑂𝑥 𝑅𝑒𝑑⁄
0 = 0.029 𝑙𝑜𝑔(𝑣) + 0.090 𝑉       (23) 

If the scan rate is lower than 0.2 V/s, the maximum disappears and the response resembles the polarographic 

wave. The limiting current appears under steady state conditions: 

 lim
𝐸≫𝐸0

𝑡→∞

(
𝐼

𝐼𝑑𝑖𝑓
) =

𝜆(3 𝑘⁄ )1 3⁄

1+𝜆(3 𝑘⁄ )1 3⁄          (24) 
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This equation is the combination of equations (18) and (19). 

 

Fig. 2 Voltammograms presented in the current – time form; 𝑣/(V/s) = 0.1 (1), 0.2 (2), 0.5 (3), 1 (4), 4 (5) and 10 

(6). All other data are as in Fig. 1. 

 

Fig. 3 Relative diffusion layer thickness as a function of time; 𝑣 = 0.1 V/s and 𝑘/s-3/2 = 0.1 (1), 1 (2) and 10 (3). 

All other data are as in Fig. 1. 

The development of the diffusion layer takes time and the responses shown in Fig. 1 can be better compared if 

the current is reported as a function of time. This can be seen in Fig. 2. If the scan rate is 1 V/s (see curve 4) the 

maximum appears after 0.391 second and the whole voltammogram is recorded in one second. Within this 

period the diffusion layer thickness increases to 0.834 of the maximum value. This is shown by the curve 2 in 

Fig. 3. In the next second the ratio 𝛿 𝛿𝑠𝑠⁄  increases to 0.961. Hence, below two seconds the transient conditions 

prevail if 𝑘 = 1 s-3/2. Furthermore, if 𝑣 = 0.1 V/s (see curve 1 in Fig. 2) the response starts to develop after 1.5 s 

and reaches the limiting value after 4 s. In this period 𝛿 ≈ 𝛿𝑠𝑠 and the conditions are close to the steady state. 

So, no maximum appears. If, however, the scan rate is increased to 0.2 V/s (curve 2), the response is developed 
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between 1 and 2 seconds and a small maximum (0.596 comparing to the limiting value 0.590) appears after 2.12 

seconds. 

Looking at Fig. 3, one can propose an empirical rule for the appearance of maxima in voltammograms. If 𝑘 = 1 

s-3/2 the steady state conditions are established after 3 seconds. If the starting potential is 0.3 V lower than the 

standard potential, the time that is needed to scan over this 0.3 V is 0.3/𝑣 and this time must be smaller than 3 

seconds for the maximum to appear: 0.3/𝑣 < 3 and 𝑣 > 0.1 V/s. If 𝑘 = 0.1 s-3/2 the transient conditions last 7 

seconds and the rule is 0.3/𝑣 < 7 and 𝑣 > 0.04 V/s. If 𝑘 = 10 s-3/2 the steady state is established after 0.4 seconds 

and the voltammograms with maxima appears if 𝑣 > 0.75 V/s. 

 

Fig. 4 Influence of the rotation rate on the voltammograms; 𝑣 = 1 V/s and 𝑘/s-3/2 = 0.02 (1), 0.05 (2), 0.1 (3), 0.5 

(4), 2 (5) and 20 (6). All other data are as in Fig. 1. 

Partial confirmation of this proposition can be found in Fig. 4 which shows voltammograms recorded at the 

same scan rate, but different rotation rates. For 𝑘 = 20 s-3/2 the response is a wave although 𝑣 = 1 V/s. Very small 

maximum (0.405 comparing to the limiting 0.401) appears if 𝑘 = 10 s-3/2, which is similar to the curve 2 in Fig. 2 

and satisfies the prediction. With the diminishing values of 𝑘 both the maximum and limiting currents increase, 

as well as the difference between them, but the potentials of maxima do not change. The net peak currents 

satisfy the following relationship: 

 𝑙𝑜𝑔 [(
𝐼

𝐼𝑑𝑖𝑓
)

𝑚𝑎𝑥

− (
𝐼

𝐼𝑑𝑖𝑓
)

𝑙𝑖𝑚

] = −0.66 𝑙𝑜𝑔(𝑘) − 0.774     (25) 

This means that this difference is inversely proportional to the rotation rate: 

 (
𝐼

𝐼𝑑𝑖𝑓
)

𝑚𝑎𝑥

− (
𝐼

𝐼𝑑𝑖𝑓
)

𝑙𝑖𝑚

= 0.27 (𝜈 𝐷⁄ )1 3⁄ 𝜔−1     (26) 
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Fig. 5 Influence of the kinetics of catalytic oxidation on the staircase voltammograms; 𝑣 = 1 V/s and 𝜆/s-1/2 = 

0.05 (1), 0.5 (2), 2 (3), 10 (4) and 20 (5). All other data are as in Fig. 1. 

The influence of the rate constant 𝜆 is shown in Fig. 5. These results compare either different catalytic reactions 

(𝑘𝑓) or different experimental conditions (Γ𝑅𝑒𝑑
∗ ). The parameter 𝜆 determines the limiting currents primarily, as 

can be seen in eq. (24). For instance, (𝐼 𝐼𝑑𝑖𝑓⁄ )
𝑙𝑖𝑚

> 0.9 if 𝑘 = 1 s-3/2 and 𝜆 > 6.25 s-1/2. However, this parameter 

defines the transient currents as well because it influences the development of the diffusion layer (see eq. 12 

and 17). If 𝜆 < 0.1 s-1/2 the response is a wave at the scan rate of 1 V/s. If 𝜆 < 2 s-1/2 the net peak current 

(𝐼 𝐼𝑑𝑖𝑓⁄ )
𝑚𝑎𝑥

− (𝐼 𝐼𝑑𝑖𝑓⁄ )
𝑙𝑖𝑚

 is directly proportional to the increasing 𝜆 value, but if 𝜆 > 5 s-1/2 the current increases 

with  𝜆0.2. The potentials of maxima depend linearly on the logarithm of 𝜆: 

 𝐸𝑚𝑎𝑥 − 𝐸𝑂𝑥 𝑅𝑒𝑑⁄
0 =  −0.068 𝑙𝑜𝑔(𝜆) + 0.090   V     (27) 

In the staircase voltammetry transient currents originate from the electro-catalytic reaction entirely, while in the 

linear scan voltammetry they are mixed with the oxidation current of adsorbed catalyst [15]. This is the main 

difference between these two techniques if the electrode reaction of catalyst appears fast and reversible at any 

scan rate. Under the influence of kinetics of surface electrode reaction, the response in the staircase voltammetry 

includes more or less surface current [8] and the above mentioned difference is diminished. 

As the staircase voltammetry is insensitive to capacitive and pseudo-capacitive currents, it is very probable that 

generally the maximum current is linearly proportional to the bulk concentration of the compound Y and that 

this straight line passes through the origin: 

 𝐼𝑚𝑎𝑥 =
𝑛𝐹𝑆𝜆√𝐷 𝑒𝑥𝑝(𝜑𝑚𝑎𝑥)

1+exp(𝜑𝑚𝑎𝑥)+𝜆√𝑢𝑚𝑎𝑥 𝑒𝑥𝑝(𝜑𝑚𝑎𝑥)
 𝑐𝑌

∗      (28) 

For these reasons the maximum current can be used for the determination of unknown concentration of Y by 

the standard addition method. The limiting current can be also used for this purpose, but the amperometric 

constant of maxima is higher. 

4. Conclusions 

The investigated transient currents appear in the form of maxima that are linearly proportional to the bulk 

concentration of substrate. The net peak currents depend linearly on the square root of scan rate and on the 

inverse value of the rotation rate. Also, they are exponential function of the rate constant of catalytic reaction. 

The peak potentials are linear functions of logarithms of scan rate and the catalytic reaction rate constant. These 

responses can be used for the analytical purpose. 
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