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Abstract

In this paper, we prove weak and strong convergence of implicit and explicit iterative algorithms for approximation of
common fixed point of finite family of total asymptotically nonexpansive mappings. Our recursion formulas seem more
efficient than those recently announced by several authors for the same problem. Our theorems improve, generalize
and extend several recently announced results.

Keywords: Asymptotically Nonexpansive Mappings, Modulus of Convexity, Total Asymptotically Quasi-Nonexpansive
Mappings, Uniformly Convex Real Banach Spaces.

2000 Mathematics Subject Classification 47H06, 47H09, 47J05, 47J25

1 Introduction

Let K be a nonempty subset of a real normed space F. A mapping T : K — K is said to be nonerpansive if
1Tz — Ty|| < || —y|| for all z,y € K. The mapping T is called asymptotically nonexpansive if there exists a sequence
{ttn}n>1 C [0,00) with lim p, = 0 such that for all z,y € K,

- n—oo

[Tz = T"y[| < (14 pn)llz —yl| Vo > 1.
The operator T is called uniformly L— Lipschitzian if there exists a constant L > 0 such that for all z,y € K|
|77 = T"yl| < Lile = yl| ¥n > 1.

It is easy to see that every asymptotically nonexpansive mapping is uniformly L—Lipschitzian.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [19] as a generalization of
the class of nonexpansive mappings. They proved that if K is a bounded closed convex nonempty subset of a uni-
formly convex real Banach space and T is an asymptotically nonexpansive self-mapping of K, then T has a fixed point.

A mapping T : K — K is said to be total asymptotically nonexpansive (see e.g. [2, 3, 12, 21]) if there exist nonnegative
real sequences {u,} and {l,}, n > 1 with g, — 0, I, — 0 as n — oo and nondecreasing continuous function
¢ : RT — RT with ¢(0) = 0 such that for all z,y € K,

1Tz = T"y|| < [l =yl + pad(llz = yl}) +ln, n = 1. (1)

Remark 1 If ¢(t) =0Vt € [0,400), then (1) reduces to

1T =T y|| < llz = yll +ln, n 21,
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so that if K is bounded and TV is continuous for some integer N > 1, then the mapping T is of asymptotically
nonexpansive type. (the class of mappings which are of asymptotically nonexpansive type includes the class of mappings
which are asymptotically nonexpansive in the intermediate sense and the class of nearly asymptotically nonexpansive
mappings which had been studied by several authors, see e.g. [11, 12, 32]). If ¢(t) =t, then (1) becomes

|77 = T < (L+ )l =yl + 1, n > 1.

In addition, if I, = 0 for all n > 1, then total asymptotically nonexpansive mappings coincide with asymptotically
nonexpansive mappings. If p, = 0 and l, = 0 for all n > 1, we obtain from (1) the class of mappings that includes
the class of nonexpansive mappings.

Alber et al. [2] introduced the class of total asymptotically nonexpansive mappings as a more general class of asymp-
totically nonexpansive mappings. The idea behind the introduction of the class of total asymptotically nonexpansive
mappings is to unify various definitions of classes of mappings associated with the class of asymptotically nonexpansive
mappings and to prove a general convergence theorems applicable to all these classes of monlinear mappings.

At this juncture, we shall pause and provide an example to show that class of total asymptotically nonexpansive
mappings properly contains the class of asymptotically nonexpansive mappings.

Example 2 (See Ofoedu and Madu [29]) Let E = R x {1 be endowed with the norm ||.|g = |.| + |||le,. Let K be
a subset of E defined by K := [0,1] x B, where B is the closed unit ball of ¢1. For all u € [0,1] and T € B define
T:K— K by

%
g (2)

We can easily check that T given by (2) is not continuous and thus cannot be asymptotically nonexpansive (since
every asymptotically nonexpansive mapping is uniformly L-Lipschitzian, so Lipschitz and every Lipschitz mapping is
continuous). Next, let {l,,},,>1 be a sequence of real numbers such that i; = L and lim 1, = 0. Observe that for all

3 n—oo
(u,7), (0,7) € K,
1
|7 = 7.9, <lu=ol+ 1+ gmax {Jas| + . 1}z = 7l

Moreover, we can equally check easily that for all n > 2 and for all (u,T), (u,7) € K,

‘.’L‘l‘2 Ty XT3 X4 ))
3n 7 3n73n3n’

1
T™(u,T) = (g,(o,o,...,o,a
———

n—times

and 1
|7 @)~ T 3)| < 5 max {Jor] + ], 1} 17— Tl

So, for all n > 1,
| wm) -9 < =l 7= Gl
2 _
o [lu = ol + 7 = Fle, | + L. (3)

Thus, with ¢ : [0, +00) — [0, +00) defined by ¢(t) = 2t, py, = 5= for all n > 1 and {l,}n>1 any null sequence with
Iy = %, we obtain from (3) that

|7 @® - 1), < @) - @)+ mo()|@D - @), )+

So, the mapping T given by (2) is total asymptotically nonexpansive but not asymptotically nonexpansive.
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Considerable research efforts have been devoted to developing iterative methods for approximation of common fixed
points (when they exist) of finite families of nonlinear mappings. ( see e.g., [4, 8, 11, 15, 27, 22, 23, 35, 39, 40, 44]).

Zhou and Chang [45] introduced the following implicit iteration process for approximation of common fixed point of
finite family of asymptotically nonexpansive mappings:

x9 € K,x,, = apTp_1+ ﬂnTg(modN)xn + Yty Y0 > 1. (4)

In fact, Zhou and Chang [45] proved the following theorem:

Theorem ZC. Let E be a real uniformly conver Banach space satisfying Opial’s condition, K be a nonempty
closed convex subset of E, Ty, T5,.... Ty : K — K be N asymptotically nonexpansive mappings with sequences
N

{kg)}nzl, i=1,2,..,N in [1,400) such that li_>m k,=1and F := ﬂ F(T;) # 0. Let u,, be a bounded sequence in
n [ee]
n=1
K, {an}, {Bn}, {7n} be three sequences in [0,1] and k, = max{k,(}),kzg), ,k:,(LN)} such that

(i) on + B+ =1, Y > 15 (i) D (kn — 1) < +o00;
n=1

o
1i1) there exist constants T, € (0, LY such that 71 < B, < o, V> 1, where o =supk, > 1; (iv n < +00; (v
p v
n>1
= n=1

there exists a constant L > 0 such that for any i,j € {1,2,.... N}, i # j, |T]'x—Tj'y|| < Llz—y||, vn > 1, Va,y € K.
Then, the implicit iterative sequence {x,} defined by (4) converges weakly to a common fixed point of {T1,Ts, ..., Tn }.

Recently, Y. Hao [21] proved the following theorem:

Theorem H. Let H be a real Hilbert space and K be a nonempty closed convexr and bounded subset of H such
that K+ K C K. Let T; : K — K be a uniformly L;-Lipschitz total asymptotically nonexpansive mapping with the

function ; and sequences {ug)}, {&S“} foreach i€ {1,2,...,N}. Assume that Z ,ugf) < 0o and Zﬁg) < oo for each

n=1 n=1
o0
i€{1,2,...,N}. Let {up}n>1 be a bounded sequence in K such that Z lun]| < 0o and {an} a sequence in {%,a},
n=1

=

where L = 1r<nzi)§V{Li} > 1 and a is some constant in (0,1). Assume that F := F(T;) # 0. Let {z,} be a sequence

n=1

generated by
Ty = QpTp_1+ (1 — an)T}E(n)xn + Uy, V> 1, (5)

then the sequence {x,} converges weakly to some point * € F.

Remark 3 We observe that Theorem ZC holds for finite family of asymptotically nonexpansive mappings and that
condition (v) in the Theorem ZC is strong. In Theorem H, the further assumption that the sequence {u,} in K is
o0

bounded is superflous since it is already assumed that K is bounded. Besides, the conditions K + K C K, Z llun || <
n=1
oo and the boundedness condition on K are rather too strong. The one that is most worrisome is the condition

o0
Z llunll < oo, where {up}n>1 is sequence of error terms. It has been severally objected (see e.g. [28]) that the

n—=
condition Y ||un|| < oo (as imposed by Hao) is not compatible with the randomness of the occurence of errors (since
it implies in particular, that the sequence of errors tend to zero as n tends to infinity). This is almost impossible to
verify in application.

It is our purpose in this paper to prove weak and strong convergence of implicit and explicit iteration processes for
approximation of common fixed point of finite family of total asymptotically nonexpansive mappings. Our altimate aim
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is to take care of the anomalies pointed out in Remark 3. Our theorems unify, extend and generalize the corresponding
results of Alber et. al. [2], Hao [21], Sahu [32], Shahzad and Udomene [33], Zhou and Chang [45] and a host of other
results recently announced for the approximation of common fixed points of finite families of several classes of nonlinear
mappings. Our method of proof is of independent interest.

2 Preliminary

Let E be a real normed linear space with dual E*. We denote by J, the generalized duality mapping from E to 2F"
defined by
Jer = {f" € B": (z, f*) = | % 1 £*]| = ll=[|"""},

where (.,.) denotes the generalized duality pairing between members of F and members of E*. For ¢ = 2, the mapping
J = Jy from F to 2 is called the normalized duality mapping. It is well known that if E is uniformly smooth or
E* is strictly convex, then duality mapping is single-valued. If £ = H is a Hilbert space then the duality mapping
becomes the identity map of H.

Let E be a real normed space. The modulus of convexity of F is the function 0z : [0,2] — [0, 1] defined by

[z +

g (e) =inf{l— )

el =1yl =1, e = llz =y} (6)

The space E is uniformly convex if and only if dg(e) > 0V e € (0,2]. It is well known (see e.g., [1]) that in a uniformly
convex space, 0 is continuous, strictly increasing, and dg(0) = 0; and that 6%(6) is non-decreasing for all € € (0, 2].

Let K be a closed convex nonempty subset of a Banach space E. A mapping T : K — F is said to be demiclosed at xg
if and only if whenever a sequence {z,},>1 in K converges weakly to * € K and the sequence {T'z, },>1 converges
strongly to z¢g € F we have that Tx* = x¢. The operator T is said to be completely continuous if and only if for any
bounded sequence {y;, }n>1 in K, the sequence {T'y, }»>1 has a subsequence (say {T'yn, }x>1) which converges strongly
to some y* € E.

In the sequel, we shall need the following Lemmas:

Lemma 4 (see e.g., [1]). Let E be a uniformly convex real Banach space, X € [0,1], z, y € E. Then

e+ (1= Al < Nl + (1= Wl — 220 - nc2ap (12240, @

20
_ ezl
where C' = M

Remark 5 (see [1]) If ||z|| < R and ||y|| < R, where R is some positive number, then C < R and 2C25E(%> >

R2§ llz—yll
%, where L* is a constant (the Figiel constant, see e.g., [18]) such that 1 < L* < 1.7.

Lemma 6 Let {a,}, {8} and {7} be sequences of nonnegative real numbers such that

Suppose that Z Bn < 00 and Z Yo < 00. Then {\,} is bounded and nh_)néo An, exists.

n=1 n=1
Lemma 7 (see Corollary 2.6 of [3]) Let E be a reflexive Banach space with weakly sequentially continuous normalized

duality mapping J. Let K be a closed convex subset of E and T : K — K a uniformly continuous total asymptotically
nonezxpansive mapping with bounded orbits. Then I — T is demiclosed at zero.
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3 Main results

Let K be a nonempty closed convex subset of a real normed space E. Let T1,T15,....,T,, : K — K be m total
asymptotically nonexpansive mappings and {a,}n>1 C (0,1). We define the implicit iteration process {x,} by
zo € K,

1 = 12 + (1 — Oél)TL’Z?l

To = (a1 + (]. - OéQ)TQIEQ

Tm = OnTm—1 + (1 - O‘m)TmZEm
Tm4+1 = Om4+1Tm + (]- - am+1)T1293m+1 (8)

2
Tom = QamTam—1 + (1 — aom) T Tom

_ 3
ZTom41 = Qam+1Z2m + (1 — @2m11) TP Tom1

Since for all z € Z (where Z is the set of integers), there exists j(z) € {1,2,...,m} such that z — j(z) is divisible by m
(that is j(z) = z mod m), then there exists ¢(z) € Z with lirJP q(z) = +o0 such that
Z—r+00

z=(q(z) —1)m + j(z). (9)

Thus, we may write (8) in a more compact form as

Tp = QpTp_1 + (1 — an)T]fl((s))xn, Vn>1. (10)

By similar procedure as in (8), the following explicit iteration process is generated:
21 €K, zpi1 = Qnz, + (1 — an)T;’((s))zn, Vn>1. (11)

Remark 8 Since n —m € Z for alln € N (where N denotes the set of positive integers), we obtain from (9) (for the
particular case n —m € Z) that

n—m=(g(n—m)—1)m+jn—m). (12)
Also substituting n € N for z in (9) and subtracting m from both sides of the resulting equation gives
n—m= ((q(n)—l)—l)m—i—j(n). (13)
Comparing (12) and (13) we obtain (by unique representation theorem) that

gln—m)=gq(n)—1 andjin—m)=jn)VneN. (14)

We shall now proceed to prove weak and strong convergence of the schemes (10) and (11) in real Banach spaces. We
start as follows.

Proposition 9 Let K be a nonempty subset of a real normed space E and Ty,T5,....T,, : K — K be m total
asymptotically nonexpansive mappings, then there exist sequences {un}, {€n} C [0,400) with lim p, =0 = lim ¢,
n—oo n—oo

and a nondecreasing continuous function ¢ : [0,4+00) — [0, +00), with $(0) = 0 such that for all v,y € K,

1T = Tyl < llz =yl + pnd(llz = yll) + o Vo > 1, i = 1,2,....m.
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Proof. Let I :={1,2,...,m}. Since Ty, T3, ...,T,, : K — K are m total asymptotically nonexpansive mappings, then
there exist sequences {pn}, {€in} C [0, Jroo) with hm in =0 = hm £;» and nondecreasing continuous function

@i+ [0,+00) — [0, +00), with ¢;(0) = 0 such that for all z,y € K,
172 — T2yl < 1o — ol + pindilllz —yl) + lin ¥ n > 1, Vi€ L

Setting g, := malx{ﬂin}a by == ma}x{gzn} and defining ¢ : [07+OO) - [07+OO) by ¢(t) = HlEiJIX{QSl(t)}, Vite [Oa +OO)>
S 1€ S

then ¢ is nondecreasing continuous with ¢(0) = 0; the sequences {u,}, {¢,} belong to [0,4+00) and are such that
lim p, =0= lim ¢, and for all z,y € K,
n—oo n—roo

1T = Tyl < llz — yll + pnd(lz = yll) + €n Y 2 1, i € 1.
This completes the proof. O
Remark 10 In what follows, p, = mealx{um}, Ly = mealx{ﬁm} and ¢(t) = meaf{céi(t)}, vVt € [0,+00). We shall

o0 o0 o0
assume that Z i < 00 and ZE < 400 & Zﬂm < 400, Vi€ I and that there exists constants My > 0, My > 0

n=1 n=1

such that ¢(t) < Mot for all ¢ > M1 We shall also assume that the real sequence {ay, }n>1 is such that m <1—a, <
n2 ¥V n € N and for some n1,1n2 € (0 ), where £ := sup(l + Mopy,) > 1.

3.1 Convergence of implicit iteration scheme.

We now state and prove the following Theorem.

Theorem 11 Let E be a real normed space, K be a nonempty closed convez subset of E andT; : K — K, i =1,2,....m

be m total asymptotically nonexpansive mappings such that F := ﬂF ) # 0. Let {x,} be given by (10), then {z,}

=1
is bounded and for allp € F, lim ||z, — p| exists.
n—oo

Proof. Let p € F. Then we obtain using (10) that

|zn —pll = ‘an(wn_l—p)+(1fan) TQ( n) H

im) *
< anllen —pl + (1 - an) Tf(;;xn —pH
< anlln-1 = pll + (1 = an)[llzn = ol + g6 (12 = Il ) + o - (15)

Since ¢ is a continuous function, it follows that ¢ attains a maximum (say M) in the interval [0, M;] and (by our
assumption, see Remark 10) ¢(t) < Mot whenever ¢ > M. In either case, we have

B(t) < M + MotV t € [0, +00). (16)
Thus, using (15) and (16), we get
o = pll < anllzn-1 = pll+ (1 = aw) [0 = Pl + fggn) (M + Mollz, = pll) + Eyon |,
so that

(1= (1= @)1+ rgmy Mo) ) 2 =PIl < nllzn—1 = Il + 12 1gm) M + Loy |- (17)
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But 0 < (1 — an)(1 + prgnyMo) < m2€ <1V n €N. So, 1 — (1 —an)(1 4 pgmyMo) > 1 —m28 >0V n e N We thus
obtain from (17) that

(e v (R B (ST )
(1 B (1—ai)uq(n)Mo) lzn — Pl + Jﬁ {MQ(")M + gq(n)] (18)
Qn
Observe that
0< (= o)t Mo < S (D Y (19)

ay, 1-¢1
and that

(1- O471)Mq(n)]\40 < 772,uq(n)M0

0 20
< o S T-m (20)
So, defining w,, = W)%)MO, we obtain from (19) that 0 < w,, < 1 and from (20) that Z wy, < 400, which implies
n=1
that ILm wyn = 0. Thus, there exists ng € N such that for all n > ng,
1 > ko < <1foso e ko € (0,1)
—w — for som .
n 0 1_ W, k[) 0 )
Therefore, for all n > ng,
1 oo o0
T—w, Dwh=T+wntw) wh
p=0 p=0
1
< 14w, (1 n )
1—w,
1 k 1
< w4 ) =1+ [ e, (21)
ko ko
Using (21), we obtain from (18) that
1 72 {
n < n—1 = n M 14 n i|
lzn =Pl = g llens = pll+ 7= [HamM + Lot
ko+1 72
< 1[ }n) et — 7[ M én]. 22
< (0 [P e s = ol 2 o M o (22)
Now, if we define
ko+1 1
)\n:: Tn — ) n::|: :|Wn and n::7|: nM+€n:|7
lzn —pl, B T T = T g [Ha) a(n)
then (22) becomes
It is easy to see that Zﬂn < 400 and nyn < 400. So, using (23), we obtain from Lemma 6 that the sequence
n=1 n=1

{z,} is bounded and that lim ||z, — p|| exists. This completes the proof. O
n—oo

Theorem 12 Let E be a uniformly conver real Banach space, K be a nonempty closed conver subset of E and
T, : K —- K, 1 =12,....,m be m uniformly continuous total asymptotically nonexpansive mappings such that F :=

mF(TZ) # 0. Let {x,} be the sequence defined by (10), then lim ||z, — Tix,| =0,i =1,2,...,m.
n—oo
i=1
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Proof. We first show that lim ||z, — TQ( )a:n|| =0,i=1,2,...,m. Let p € F'; and observe that from recursion formula
n— oo

(10), Lemma 4 and Remark 5, the followmg inequality holds:

lzn —pl* =

2
ap(Tp_1—p)+ (1 — an)<T]f1((:))xn —p) H

2
< anll-Tn 1 _pll + (1 - an) T]q((,:))xn _pH
q(n)
Tpq — T ) Tn
—2a, (1 — an)C25E<” QCJ( ) |)
2
< gl =p*+ (1 - ap) {Hl‘n = pll + 1y dllzn — pll) + fj(n)}
o1 — gy RSO ~ Tl 2Re)
2L
< apleno1 —pl* + (1= an)zn — plI* + Qo) + Li(n))
R0k ([lzn—1 — T wn| /2R0)
_2771(1 - 772) 2L* )
for some Qg > 0, Ry > 0. This implies that
R0 (|[en—1 — T | /2Ro) L
n (n) "M 2 2
< a_ 71N n n—1 " 1 - n n
oL S an(i—m) & [Zn—1 —plI" + (1 = an)l|zn — pl
~llen =PI + Qolttjin + )]
_ 1 [ 2 2
+Qo(Bsm) + b3) |
1 -
< — = |(1- Tno1 —p|I? = l|zn — p||? 24
S ani=m) _( m)(lzn-1 —plI* = || pl1?) (24)

Since by Theorem 11, lim ||z,
n—o0

+Qo(Btm) + itm))]

— pl| exists, we obtain from (24) that

~ Riop(lzn- — anan/2RO)
. 2L - 25)

Thus, by continuity of §r and the fact that §g(0) =0, (25) gives

lim (1 — T8, | = 0. (26)
Next, from (10),
2 = Enaall = (1= an) s = T2
Thus,
nl;rr;o |xn — pn-1] = 0. (27)
Furthermore,
o] < [ —s] + ess s
So, we obtain from (26), (27) and (28) that
lim HTq(n):cn —zp|| =0. (29)
n—oo

48


http://purkh.com/index.php/mathlab

MathLAB Journal Vol 4 (2019) ISSN: 2582-0389 http://purkh.com/index.php/mathlab

It is easy to see using (27) that

nh_}rr;o |xn — nil]| =0= nh_}rr;o lxn — Zntill, 2 = 1,2, ...,m. (30)

By uniform continuity of T;, ¢ = 1,2, ...,m, there exists a continuous increasing function 7 : R — R with 7(0) = 0
such that

IN

‘ Tl — Tq((n)xn

+ HTQ( — Tj(n)xn

Tp—1 — ,-Tj(n)xn

q(n)
< ‘ Tp—1 — Tg(n) Ln

+ W(’ T]q((s) Ty — Ty

). (31)

Observe that from the second summand on the right hand side (second line) of (31), we get

q(n)— L q(n)— 1, q(n)
HTJ(" Tn|| < ’T'( ) = T~ m)x"—MH
+| T;I((: iy @n=m = n-m|| + [0 = zal]. (32)

But, by (14),
g(n —m) =q(n) =1 and j(n —m) = j(n).
Considering the first two summands on the right hand side of (32), it therefore follows that the first summand

qa(n)— q(n)—1 _ a(n)—1,, q(n)—1
‘ O m)”””*mH = ‘ Tity *n = Tjm) xn*mH
< Hxn - xn—m” + ,Uq(n)flqb(Hxn - xn—m”)
+€q(n),1. (33)
Thus, (33) implies that
lim ’T(I(n) ! Tq((") 1)xn mH =0. (34)
n—oo
Moreover, the second summand
HTJQ((S:nl)xn_m xn_mH = ‘ qu((: Zn"))a:n_m - xn_mH — 0asn — 400 (35)
So, using (34) and (35) in (32), we obtain that
lim ||Tq(n) Y2, — | = 0.
n— oo
As a result, we obtain from (31) (using the property of ) that
nl;n;o ||:L’n_1 - Tj(n)an = 0. (36)
Furthermore,
[#n = Tjmy@nll < l2n — Tn-1ll + [[Zn-1 = Tjmyznll- (37)
Thus, using (27) and (36), we obtain from (37) that
nh_)rréo |l — TjmyTnll = 0. (38)

Again, using the fact that 73,7 = 1,2, ...,m are uniformly continuous, we have that there exists continuous increasing

functions m; : R — R with m;(0) = 0,i = 1,2,...,m such that |T;x — Tyy|| < m(lz —yl) Ve,y € K, i =1,2,....m

Thus, defining 7y : R — R by mo(¢t) = max m;(t) (where I = {1,2,...,m}), we have that 7y is continuous increasing
1€

function, my(0) = 0 and

[zn = Timy+i%all < 20 — Tpgill + | Tn4s — Tin)+i%ntll
T ny+iTnti = Tjn)+inll
< Nz = Togill + 120 — Ty +iTnill

+7o(([#nti = @n)- (39)
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So, using (30), (38) and (39), we have that

lim ||z, — Tjm)4iznl =0, i = 1,2,...,m. (40)

n—oo

But for all i € {1,2,...,m}, there exists 6; € {1,2,...,m} such that
j(n) 4+ 0; =i (mod m).
It therefore follows from (40) that

A flzn = Tiwn|| =l [lzn = Tjm)+0.2n] = 0-

Hence, lim |z, — T;z,|| = 0 for all ¢ € {1,2,...,m}. This completes the proof. O
n—oo

3.2 Weak convergence of implicit iteration process.

Theorem 13 Let K be a closed convexr nonempty subset of a uniformly convex real Banach space with weakly con-
tinuous normalized duality mapping. Let Tl,TQ,...,Tm : K — K be m uniformly continuous total asymptotically

nonexpansive mappings such that F : ﬂF ) # 0. Let {x,}n>1 be the sequence defined by (10), then {zy}n>1

converges weakly to a common fized pomt of 11,15, ... Th.

Proof. Since F is a reflexive Bananch space and by Theorem 11, {xn}n>1 is bounded, there exists a subsequence

{Zn, te>1 of {zp}n>1 such that {x,, }k>1 converges weakly to some z* € K; and since by Theorem 12 lim |z, —
n—o0

T;xy,| =0for all ¢ € {1,2,...,m}, we obtain by Lemma 7 that z* € F. We now show that {z,, },>1 converges weakly to

x*. Suppose for contradiction that there exists another subsequence {x,,_}s>1 of {@y, }n>1 such that {x,,_}s>1 converges

weakly to ¢* # «*. Lemma 7 again shows that ¢* € F. By Theorem 11, r; = lim |z, —2"| and 7o = lim ||z, — ¢"||
n—oo n—oo

exist, where 1 > 0 and r > 0. Then since F has weakly continuous normalized duality mapping, it follows (see e. g.

Gossez and Lami Dozo [20]) that E satisfies Opial’s condition (see Opial [30]). Thus,

r1 = limsup|jz,, — %] < hmsup l€n, — ¢l
k—o0 k—
= ro =limsup ||z, — ¢ < hmsup len, — 2™ = r,
S5—»00

a contradiction. Hence, z* = ¢*. This implies that {z,},>1 converges weakly to z* € F. This completes the proof. O

The following corollaries easily follow from our presentation so far.

Corollary 14 Let K be a closed convex nonempty subset of a uniformly convexr real Banach space with weakly con-
tinuous normalized duality mapping. Let Tl,TQ, vy Ty o K — K be m uniformly L-Lipschitzian total asymptotically

nonexpansive mappings such that F : ﬂF ) # 0. Let {xn}n>1 be the sequence defined by (10), then {zy}n>1

converges weakly to a common fized pomt of T, T,y ;T

Corollary 15 Let K be a closed convex nonempty subset of a uniformly convex real Banach space with weakly contin-
UOUS normalz'zed duality mapping. Let T1,T5,...,T,, : K — K be m asymptotically nonexpansive mappings such that

F = ﬂF ) # 0. Let {xn}n>1 be the sequence defined by (10), then {x,}n>1 converges weakly to a common fized

point of T, To, ... T

Corollary 16 Let K be a closed convexr nonempty subset of a uniformly convex real Banach space with weakly continu-

ous normalized duality mapping. Let Ty, Ts, ..., Ty, : K — K be m nonexpansive mappings such that F' := ﬂF ) # 0.

=1
Let {x,,}n>1 be the sequence defined by (10), then {z,}n>1 converges weakly to a common fized point of T1, s, ..., T,.
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Corollary 17 Let K be a closed convexr nonempty subset of a real Hilbert space H. Let T1,Ts, ..., Ty, : K — K bem
m
uniformly continuous total asymptotically nonerpansive mappings such that F := ﬂF(E) # 0. Let {xy}n>1 be the

i=1
sequnce defined by (10), then {x,}n>1 converges weakly to a common fized point of T1,Ts, ..., Tp,.

3.3 Strong convergence of implicit iteration process.

Theorem 18 Let E be a uniformly conver real Banach space, K be a nonempty closed convexr subset of E and
T K — K, i =1,2,....m be m uniformly continuous total asymptotically nonexpansive mappings such that F :=

ﬂF ) # 0. Let {z,,} be the sequence defined by (10). Suppose that one of Th,Ts, ..., Ty is compact, then {x,}

converges strongly to a common fixed point of T, Ts, ..., Tp,.

Proof. We obtain from Theorem 12 that

lim |3z, — 2] =0, i =1,2,...,m. (41)
n—oo
Let T;, be compact for some iy € {1,2,...,m}. Since T}, is continuous and compact, it is completely continuous. Thus,
there ex1sts a subsequence {T;,x,, } of { oZn} such that T; x,, — x* as k — oo for some z* € K. Since by (41)
lim ||z, — TigZn,|| =0, we have that lim x,, = a*. Observe that for all i € I,
k—o00 k—o00
Jo* = Tl < 2" = Gl + [0y — Titon, | + [ Tiny — Tia". (42)

So, we obtain from (42) that Taking limit as & — oo in (42) using the fact that T; V ¢ € I is continuous, we have
that o* = Tya* Vi € T and so 2* € F(T;) Vi € I. But by Theorem 11, lim |z, — pl|| exists for p € F. Thus,
n—oo

lim ||z, — 2*|| = 0. Hence, {x,} converges strongly to 2* € F. This completes the proof. O
n— 00

Corollary 19 Let E be a uniformly convex real Banach space, K be a nonempty closed conver subset of E and
T; - K — K, i = 1,2,....,m be m uniformly L-Lipschitzian total asymptotically nonerpansive mappings such that

F .= ﬂF ) £ (. Let {x,} be the sequence defined by (10). Suppose that one of Ty, Ty, ..., Ty, is compact, then {z,}

converges strongly to a common fixed point of Ty, Ts, ..., Tp,.

Corollary 20 Let E be a uniformly convex real Banach space, K be a nonempty closed convex subset of E and

T,: K — K, 1=1,2,...,m be m asymptotically nonexpansive mappings such that F := ﬂF ) # 0. Let {xz,} be the

i=1
sequence defined by (10). Suppose that one of Ty, Ta, ..., Ty is compact, then {x,} converges strongly to a common

fixed point of Ty, Ts, ..., Tp,.
Corollary 21 Let E be a uniformly convex real Banach space, K be a nonempty closed convex subset of E and

T, : K - K, 1 = 1,2,...,m be m nonezpansive mappings such that F : ﬂF ) # 0. Let {x,} be the sequence

defined by (10). Suppose that one of Ty, Ts, ..., Ty, is compact, then {x,} com}erges strongly to a common fixed point
Of Tla TQa a3 Tm,~

Remark 22 Though Theorem 18 holds in both real £, and L, spaces 1 < p < +o00, Theorem 13 does not hold in L,
spaces 1 < p < 400, p # 2 since it is well known that for p # 2, L, spaces do not possess weakly continuous duality
mapping (see e.g. [5]-[7]). It is thus easy to see that both Theorems 13 and 18 hold in real Hilbert spaces.
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3.4 Convergence of explicit iteration process.

Theorem 23 Let E be a real normed space, K be a nonempty closed convew subset of E andT; : K - K, i=1,2,....m

be m total asymptotically nonexpansive mappings such that F : ﬂF ) # 0. From arbitrary z1 € E, define the

sequence {z,} by (11), then, {zn}n>1 is bounded and for all p € F hm |z, — pl| exists.

Proof. Let p € F. Then using (11), we obtain that

Jonsr =l = [an(za—p) + (1 = @) (T 20— p)|
< anllza = ol + (1= ) [l = Bl + ey 61120 = pl) + Ly |
< anllza = ol + (1= ) 120 = Bl + gy (M + Moz = pI) + oy (43)

where M is the maximum of the continuous function ¢ on the interval [0, M7] and My, M; as in Remark 10. Thus,
we obtain from (43) that

lznt1 —pll < (1 + Mouq(n)) 2 = Pl + trgn) M + Lyen)- (44)
So,

lonsr =l < (14 60)l120 = ol + 00, (45)

where 6, = Mofiq(n) and o, = pign)M + £g(n). Observe that Z 0n < 400 and Z o, < +00. Hence, by Lemma 6, we

n=1 n=1
have that {zp},>1 is bounded and lim ||z, — p|| exists for all p € F. This completes the proof. O
- n—oo

Theorem 24 Let E be a uniformly conver real Banach space, K be a nonempty closed convexr subset of E and
T K — K, i =1,2,....m be m uniformly continuous total asymptotically nonexpansive mappings such that F :=

mF ) # 0. From arbitrary z1 € E, define the sequence {z,} by (11), then, lim ||z, — Tiz,|| =0, : =1,2,....m
n—oo

Proof. Let p € F(T), then from recursion formula (11), Lemma 4 and Remark 5, we get that

an(zn—p)—i-(l—an)(Tq( ") )H

a(n)
Tiny #n pH

lonss —pl? = |

< apllzn _pH2 +(1—ay)

q(n)
2n — T3 2,
—2a, (1 ozn)C25E<” 2(]7(71) ”)

2
< anllzn = pl* + (1 - ap) “Izn =l + wjmyd(llzn — pll) + gj(n)}
(1 - nz)R%(SE(HZn qu(:) zn|l/2R1)
2L*
< anllzn — ol + (1= an)llzn — pl* + Q1 (50 + )
—2m1 (1 — 7o) R%(SE(HZn — qu((:))zn”/QRﬂ
2L*
for some Q1 > 0, Ry > 0. This implies that
R33p(ll2n — Ty 2nll /2R1) 1
n j(n) “n |: . 2
SR S (TR
2  2m(l—mp) ” plI" = lzn41 = pll

+Qo(pj(n) + fj(n))}
(46)
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Since by Theorem 23, lim ||z, — p|| exists, we obtain from (46) that
n—oo

M265(||zn — 74 zn|l/2M)
s 2L 0 (47)

Thus, since d is strictly increasing, continuous and dg(0) =0, (47) gives

lim ||z, — T4 2| = 0. (48)

n—

Also, from (11),
qa(n)

lznt1 = 2nll < [l2n — T( Zn||.
Thus,

lim |[2,11 — zn]| =0 lim ||z, — 2,1 = 0.
n— 00 n—00

The rest follows as in the proof of Theorem 12. This completes the Proof. O

Follwing the method of proof of Theorem 13 and Theorem 18, we (respectively) obtain the following theorems:

3.5 Weak convergence of explicit iteration process.

Theorem 25 Let K be a closed convexr monempty subset of a uniformly convex real Banach space with weakly con-
tinuous normalized duality mapping. Let Tl,Tg,...,T : K — K be m uniformly continuous total asymptotically

nonexpansive mappings such that F : ﬂF # 0. Let {z,}n>1 be the sequence defined by (11), then {z,}n>1

converges weakly to a common fized pomt of T, T, ... Ty

3.6 Strong convergence of explicit iteration process.

Theorem 26 Let E be a uniformly conver real Banach space, K be a nonempty closed convexr subset of E and
T K — K, i =1,2,....m be m uniformly continuous total asymptotically nonexpansive mappings such that F :=

ﬂF ) # 0. Let {z,,} be the sequence defined by (10). Suppose that one of Th,Ts, ..., Ty is compact, then {x,}

converges strongly to a common fixed point of T, Ts, ..., Tp,.

Remark 27 Corollaries similar to those obtained above are also obtainable in subsections 3.5 and 3.6.

3.7 Necessary and sufficient conditions for convergence in real Banach spaces.

Using (23), (45) and following the method of proof of Theorem 3.2 of [12], we (respectively) obtain the following
theorems.

Theorem 28 Let E be a real Banach space, K be a nonempty closed convexr subset of FandT;, : K - K, i =
1,2,...,m be m continuous total asymptotically nonexpansive mappings such that F' : ﬂF ) # 0. Suppose that
{z,} is given by (10), then the sequence {x,} converges strongly to a common fized pomt of {T;}, if and only if
liminfd(me) = 0, where d(mn,F> = mf? lzn, —yll, n € N.

ye

n— oo
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Theorem 29 Let E be a real Banach space, K be a nonempty closed convex subset of E andT; : K — K, i =1,2,....m

be m continuous total asymptotically nonexpansive mappings such that F := ﬂF(TJ =% (. Suppose that {z,} is given
i=1
by (11), then the sequence {z,} converges strongly to a common fized point of T;, i = 1,2,...m if and only if

liminfd(zn,F) =0.

n—0o0

Definition 30 A mapping T : K — K is said to be total asymptotically quasi-nonexpansive if F(T') # (0 and there
exist nonnegative real sequences {un} and {l,}, n > 1 with p,, L, = 0 as n — 0o and strictly increasing continuous
function ¢ : RT — R with ¢(0) = 0 such that for all x € E, z* € F(T),

I772 —2*|| < ll — 2| + (2 — 2*[]) + Loy m > 1. (49)

Remark 31 If ¢(t) = 0, then (1) reduces to | T"x — x*|| < ||z — z*|| + I, n > 1, so that if K is bounded and TV
is continuous for some integer N > 1, the mapping T is of quasi asymptotically nonexpansive type which includes
the class of mappings which are quasi asymptotically nonexpansive in the intermediate sense. If ¢(\) = A, then (49)
reduces to

17" — "l < (Ut o)l — 2] + L, 1 > 1. (50)

In addition, if l,, = 0 for alln > 1, then total asymptotically quasi-nonerpansive mappings coincide with asymptotically
quasi-nonexpansive mappings studied by various authors. If p, = 0 and l,, = 0 for all n > 1, we obtain from (50)
the class of quasi-nonexpansive mappings. Observe that the class of total asymptotically nonexpansive mappings with
nonempty fized point sets belongs to the class of total asymptotically quasi-nonerpansive mappings.

It is trivial to observe that all the Theorems of this paper carry over to the class of total asymptotically quasi-
nonexpansive mappings with little or no modifications.

A subset K of a real normed linear space E is said to be a retract of E if there exists a continuous map P : F — K
such that Pz = z for all € K. A map P : E — F is said to be a retraction if P2 = P. It follows that if a map P
ia a retraction, then Py = y for all y in the range of P. The mapping P is called a sunny nonexpansive retraction if
forall z € F and t € (0,1) P((1 — t)z + tP(x)) = P(z). If K is a nonempty closed convex subset of a Hilbert space
H, then the nearest point projection Px from H to K is the sunny nonexpansive retraction. This however is not true
for Banach spaces since nonexpansivity of projections Pg characterizes Hilbert spaces. On the other hand, a sunny
nonexpansive retraction can play a similar role in a Banach space as a projection does in Hilbert spaces. For existence
of nonexpansive retracts outside Hilbert spaces, one may see [31].

Definition 32 Let K be a nonempty closed and convex subset of E. Let P : E — K be the nonexpansive retraction
of E onto K. A non-self map T : K — E is said to be total asymptotically nonexpansive if there exist sequences
{ttntn>1, {In}n>1 in [0, +00 with fiy, L, = 0 as n — oo and a strictly increasing continuous function ¢ : [0, +00) —
[0, +00) with ¢(0) = 0 such that for all z,y € K,

IT(PT)" " a = T(PT)"y|| < Iz = yll + sz = yll) +ln, n > 1.

Let Th,Ts, ..., T, : K — E be m total asymptotically nonexpansive non-self maps; assuming existence of common
fized points of these operators, our theorems and method of proof easily carry over to this class of mappings using the
iterative sequences {x,} and {z,} defined by

2o € K, x, = P(anxn_l (- an)Tj(n)(PTj(n))ﬂ")*lxn), n>1

and

z1 €K, zpy1 = P(anzn +(1- ozn)Tj(n)(PTj(n))q(”)flzn), n>1

(respectively) instead of (10) and (11) provided the well definedness of P as a sunny nonexpansive retraction is
guaranteed.
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Remark 33 We note that for the class of asymptotically nonexpansive mappings, the condition - there exist My > 0
and My > 0 such that ¢(t) < Mot for all t > M- is not needed. A prototype for ¢ : [0,00) — [0,00) satisfying the
conditions of our theorems is p(A) = A°, 0 < s < 1.

Remark 34 Addition of bounded (or the so called mean) error terms to the iteration process studied in this paper
leads to no further generalization. In fact, if we consider the sequences {xy}n>1, {Zn}tn>1 generated by

xo € K,y = apTp-1 + BnT]q((:))xn + Ynln, n 2> 1, (51)
21 € K, zpp1 = apzp_1 + Bnqu((:))zn + Ynln, n > 1 (52)

(for self total asymptotically nonexpansive mappings) and the iterative sequences {x,} and {z,} defined by

20 € K, @ = P(an@n1 + BaTjom (PTjin) "™ 20 + yatn ), n > 1 (53)
and

2 €K, zpil = P(anzn BT (P Ty ) 1™ L2,y + %un) n>1 (54)
(for nonself total asymptotically nonexpansive mappings), where {an}n>1, {Bntn>1 and {yn}n>1 are real sequnces in

o0
(0,1) such that ap,+Bn+yn =1V n > 1, nyn < 400, m < Bn < g for some m,me € (0, %) (where & is as defined in
n=1
Remark 10) and {un}n>1 is a bounded sequence in K, then repeating the argument of this paper, we obtain weak and
strong convergence of (51), (52), (53) and (54) to a common fized point of corresponding Ty, T, ..., Ty,. The iteration
scheme (54) improves and generalizes the so called three step iteration scheme with error recently introduced by L.
Yang and X. Xie [25] for three nonself asymptotically nonexpansive mappings.

Remark 35 Our theorems unify, extend and generalize the corresponding results of Alber et al. [2], L. Yang and
X. Xie [25], Sahu [32], Shahzad and Udomene [33] and a host of other results recently announced (see e.g. [8]-[17],
[24, 26], [35]-[37], [38, 41, 42, 43],)for the approximation of common fized points of finite families of several classes
of nonlinear mappings.

Remark 36 Finally, observe that the condition (5) as imposed in Theorem ZC of Zhou and Chang [/5], the conditions

K+ KCK, Z [lun|l < 400 and the boundedness condition imposed on K by Hao [21] are all dispenced with in this
n=1

paper. Our iteration schemes (10) and (51) are, therefore, far better and more efficient than the schemes (4) and
(5) respectively introduced and studied by Zhou and Chang [45] and Hao [21]. Our method of proof Theorem 2/
closed the gap observed in the proof of Theorem 3.5 of [12]. Theorem 13 extends the corresponding result of Zhou
and Chang [45] from the class of asymptotically nonexpansive mappings to the class of uniformly continuous total
asymptotically nonexpansive mappings; while the corresponding result of Hao [21] is improved, generalized and extended
from real Hilbert space to uniformly convex real Banach spaces and from the class of uniformly L-Lipschitzian total
asymptotically nonexpansive mappings to the class of uniformly continuous asymptotically nonerpansive mappings.
Our explicit iteration schemes and strong convergence theorems are also of independent interest.
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